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Bob Greenyer: Dear Colleagues,

The discovery that accelerating the rotation of a rotating energy quanta/mass leads to the observed effects was
proposed by Gabriel Kron in 1934 for which he won the George Montefiore Foundation prize of the University of
Liege and 10,000 Belgium Francs in 1935.

Robert Forward extended the work of the earlier Thirring and Lense papers (built on relativity) from the early
1900s (see Mashhoon translations and comments) - see his 1962 paper attached. Robert L. Forward specifically
addresses the physical manifestation of accelerated rotation.

He also addressed the Lense-Thirring effect with respect to energy solitons, which is applicable to both the MHD
in nuclear detonations and thos in PLASMa torOIDs (Commonly referred to as PLASMOIDS) - EVOs, Charge
Clusters, Energy Solitons etc.

What none of these address, is the self-organising, fractal Magneto-Hydrodynamic structures | predicted and then
have established as fact from empirical data that occur in plasma and cavitation systems. These are self-feeding,
self reinforcing, self organising, virial structures with a non-EM radiating boundary, inside of which the
permittivity of the vacuum is changed, resulting in

1. Change to speed of light

2. Change to the relative to outside rate of flow of time

3. Change in the behaviour of charge interactions

4. Lowering of the mass/energy requirement to achieve 'black holes' in the structures that are integral to their
stability.

| look forward to today's discussion.

Regards

Bob

Bob MpuHbep: YBarkaemble Koineru,

OTKpbITHE TOTO, YTO YCKOPEHME BPALLEHMSA KBAHTOB SHEPTMU/Macchbl NPUBOAMUT K HabtogaembiM adpdekTam, 6bino
npeanoxeHo Nabpunanem KpoHom B 1934 roay, 3a 4To oH noayuunn npemuto PoHaa Jxopaka MoHTeduope
Nbexxckoro yHusepcuteTa 1 10 000 6enbruiickmnx ¢ppaHkos B 1935 roay.

PobepT ®opBapg npogonkun paboty bonee paHHUX ctatet TuppuHra n JleHse (OCHOBaHHbIX Ha TeEOPUK
OTHOCUTEeNbHOCTK) Hayana 1900-x rogos (cm. nepeBoAbl U KOMMeHTapuK MaluxyHa) — cm. ero ctaTbto 1962 roga,
npuaaraemyto K asTomy coobuieHuio. Pobept J1. PopBaps KOHKPETHO paccmaTpmBaeT dUsnYeckoe NposasBaeHne
YCKOPEHHOTO BpaLLEeHMA.

OH TakKKe 3aTpoHyn 3ddeKT JleHse-TUppUHra B OTHOLLIEHUM SHEPTETUYECKUX COJIMTOHOB, KOTOPbLIN MPUMEHUM KaK
K MI[ B AnepHbIX AeToHauMaxX, Tak u K MI[] B nnasmoungax (06blMHO Ha3biBaeMbIx Naasmongamm) — 3BO,
K/lacTepam 3apaga, SHEPreTUYECKUM CO/IMTOHAM U T. A4,

OJHaKO HU OAMH 13 3TUX NOAXO/I0B HE PAacCCMaTPUBAET CaMoopraHusyoLmeca ppaKTanbHble
MarHUTOrMapoAMHaMNYECKME CTPYKTYPbI, KOTOpbIe A NPeAcKa3an U 3aTeM NOATBEPAN SMNUPUYECKMMM
OaHHbIMUK, Habnlogaemble B N1a3MeHHbIX U KaBUTaLMOHHbIX cMCTEMaX. ITO camonoafepsKuBatoLLmecs,
CaMOYCU/INBAIOLLMECA, CAMOOPraHMU3YIOLLMECA BUPUA/IbHbBIE CTPYKTYPbI C HE3JIEKTPOMAarHUTHOM N3nyyatoLLei
rpaHuLen, BHYTPU KOTOPOI U3MEHAETCA AMINEKTPMUYECKan MPOHNLLAEMOCTb BaKyyMa, YTO NPUBOAMT K:

1. UI3MEHEHMIO CKOPOCTU CBETA;

2. N3MEHEHWIO OTHOCHTE/IbHOWM CKOPOCTU TEYEHUA BPEMEHU MO CPaBHEHMIO C BHELLIHEN cpeaoir;

3. UI3MEHEHWIO NoBeaeHNA B3aMMOAENCTBUIA 3apAaa;

4. cHusKkeHuto TpeboBaHMii K macce/sHeprmm ana 06pa3soBaHmNA «UEPHbIX AblP» B CTPYKTYpaXx, KOTOPbIe ABAAIOTCA
HEOTbeMJ/IEMOMI YaCTblo UX CTabUIbHOCTH.

C HeTepneHueMm Kay cerogHaliHen auckyccun. C yBaskeHnem,

Bob

AHgpei YucTonnHos:
[obpblit AeHb yBaxKaemble KoNeru.

Mpountan aHOHC NpeAacToALlero cemmHapa Knmmosa-3atenennHa 1 peLmna, YTo He MOry He OTpearnmpoBaTth Ha 3TO
3HameHaTenbHoe cobbiTue. Kctatn Bonpoc K Kanmosy: AHaTonimin MBaHOBWY, a Bac yCTpaMBaEeT, YTo 3aTenenmuH
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MOCTOAHHO NPUKPbIBAETCA BamMM, CBOIO GaMMUIMIO U3 Ha3BaHMA CEMMHAPA He XOTuUTe 3abpaTb? UNan Bac Bcé
ycTpauBaet?

NTak, uto Mbl BUAMM? [Joknag HebesbizBecTHOro reHus .U, LUnnoea, npes3owealero WHWTENHA, HA 0ObIYHYIO
ansa Hero Temy: "Mpobnema nHepumn B dnsnke n 1.4."

Hy, Boobuie-To npobaema nHepumm B dp13nKe bblna pelleHa Kak pa3 baarogaps co3gaHuio obuiel Teopun
OTHOCMTEeNbHOCTH, HO .M. LLIMNoB 3TOro o4eBMAHO HE NOHAN, KaK OH O4YEBUAHO He NOHAN U 06LLel Teopuun
OTHOCUTENbHOCTU. Mpexae YeM YTO-TO NbITAaTbCA NPEB3OMTU, HEMAOXO 3TO YTO-TO XOTA-6bl NOHATL. TeMm, KTO
NHTepecyeTca NoAPOBHOCTAMM, O4EHb PEKOMEHAYIO NOCMOTPETb MOE BbICTYN/IeHNE HA BebUHape
"BbICOKO3HEpreTUYecKMe NpoLeccbl B KOHAEHCMpPOBaHHbIX cpedax” oT 19.02.2025, nocBALWEHHOE Kak pas aToMy
Bonpocy: https://youtu.be/Fx6GCwi7800

Paau yero e 3atenH aToT goknag LWunosa? Cyaa no aHHOTAUMKM pasan BOT 3TOrO:

"YnpaBAAs 4acTOTOM BPaLLEHUS U UCMONb3YA CUNY MHEPLMUM MOMKHO 3aCTaBUTb OO BEKT MEHATb CBOKO MacCy UK
OBUraTbCA B 334aHHOM HanpasAeHUN B COOTBETCTBUMN C 0606LLeHHbIM ypaBHEHWEM LinonkoscKkoro"

HacKosibKo A MOHMMalD, 3Ta TeMa NoABMAAaCk Ha cemmHape Knnmoea-3aTenennHa B CBA3W C OTKPLITUSIMM CaMOTO
3aTenenunHa, NONPaBUBLUETO BTOPOM 3aKOH HblOTOHa.

Hy, 4To cKa3aTb, ecav Bbl BO BCE 3TO BEPUTE, TO €C/IM BaM B BanKalilee BpeMa NO3BOHAT U3 CNYXKObI
6e30nacHOCTK Ballero 6aHKa 1 NpeasioxKaT NepeBecTy AeHbrM Ha 6€30NacHbIN CYET, Bbl 04EBUAHO U3 TEX, KTO
6yLeT B TOYHOCTU CNefoBaTh BCEM MHCTPYKLMAM MNO3BOHUBLUETO.

C yBaxkeHnem

AHppeit YnctonnHos

AHppeit Eropos:
34paBCTBYITE, KOMIETU, XOUY BbIPa3nTb CBOE cornacue ¢ MHeHnem AHgpen YnctonnHosa. TakKe, Nob3ysachb
C/ly4aeM, Xo4y OTNMCaTbCA OT PACCbIIKM CEMMHAPa.

YouTube (https://youtu.be/Fx6GCwi7800)

Teopua TOPCUOHHBIX Nosen LLUnnosa n adpdexT AaHHUHra-Kprorepa

O TeopuMmM TOPCMOHHbBIX NOJIEN U e4MHON reOMETPMU3OBAHHON TEOPUM MPaBUTALLIUM N SNIEKTPOMAarHeTM3Ma, a TaKKe
0 CBA3M PU3MKM 1 NCUXOIOTMMN paccKkasbiBaeT AHapeit YncTonmHoB






NON-RIEMANNIAN DYNAMICS OF ROTATING
ELECTRICAL MACHINERY

By GaBrieL Kron*

SYNOPSIS

a.) It is shown that the charges through the terminals (brushes, taps,
ete.) of the innumerable types of rotating electrical machines (except
of the alternator) are not true Lagrangian coordinates and the usual
Jorm of the Equation of Motion of Lagrange

d (aT aT
i <a7> e + 5 = e
as interpreted by Maxwell for closed electric circuits moving in a mag-

netic field ¢s not valid for them, neither is the Equation of Voltage (derived
from the former equation by ignoring the geometrical variables.)

d (Laﬂ lﬂ)

aﬂzﬂ + dﬂ"“ = Raﬂiﬂ + dt

since the coordinate axes are not conneeted to the moving conductors.

The generalized form of the Equation of Motion valid for all electrical
machinery and in general for non-holonomic dynamical systems has been
given by Boltzman and Hamel as

d (eT aT , oT (oCE  aCEN\ 1. oF

—{ — _—— — — - Y — =

@ (axa) o T o <6x" oz ) OOV g = e
which includes as a special case the usual form. The generalized form
of the Equation of Voltage for rotating electrical machinery becomes

d(Last®) ac?

L il k Cagt
o + Wagca“’

= Rust® + %2 4 et = Rogi +

where: 1.) the induced voltage L.sdi?/dt is due to the variation of the
currents 2.) the Coriolis-voltage (dL.g, di)i# is due to the motion of
the coordinate axes and 3.) the last term is a voltage due to the motion
of the conductors.

b.) The theory of non-holonomic dynamical systems is developed in

* Engineering General Dept., General Electric Co., Schenectady, N. Y
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104 GABRIEL KRON

tensor symbolism and it is found that the usual explicit form of the
Equation of Motion for holonomic dynamical systems, that is
d*xf dx? dxv dz?
aaﬁ'd_t?'*—[ﬂ')’ya]'az d_t‘+Raﬁ_d—t‘ =fa

1s also valid for “‘quasi-holonomic”’ dynamical systems (a special case of
non-holonomic dynamical systems tn which gravitational and electro-
magnetic energies coexist) provided the Christoffel symbol of Riemannian
Geometry is replaced by the generalized asymmetrical Christoffel symbol
of Non-Riemannian Geometry subject to the restriction that the co-
variant derivative of the metric tensor a.s is zero. In other words it is
shown that the explicit form of the generalized Equation of Motion

d*x® daf dxv daf

I i

Oag
remains tnvariant with respect to all quasi-holonomic transformations.
c.) Practical examples of such dynamical systems are the infinite
varieties of electrical machines that have not been analyzed before
from a dynamical point of view. Hence as quasi-holonomic dynamical
systems the performance of all rotating electrical machinery is deseribed
during acceleration by the Equation of Motion

ex = Rogt® + Lag dif/dt + T3y, IBLY

where T, . is the asymmetrical generalized Christoffel symbol and
L.s is the metric tensor representing all the self and mutual induetances
of the windings and the moment of inertia of the rotor. The per-
formance of any particular machine is found from that of a repre-
sentative machine by a routine transformation of coordinate axes with
the aid of a transformation tensor which is nothing else but a mathemat-
ical representation of the customary connection diagram.

By considering their connection tensors (or connection diagrams) the
various types of rotating electrical machines may also be looked upon as
holonomic or non-holonomic sub-spaces of one representative non-Rieman-
nian space. However each non-holonomic sub-space may also be
considered in its own right as a non-Riemannian space because of the
existence of electrical non-holonomic coordinates,

When various types of rotating (or stationary) electrical apparatus
are connected in any number and in any manner whatever, all the
operators of the group are found simply by adding the particular
operators of the individual units and transforming the sum by the
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transformation tensor of the group. That is entire rotating machines are
added as simple impedances.
The Equation of Motion also can be written as

o = Ragi? + Log dif/dt + [vB8,a) 0" + Tysaii®

where [v8, o] is the ordinary Christoffel symbol and T,s, is a skew-
symmetric tensor of rank three. Also [y8, a]i*i® is the Coriolis voltage
and T,s,471% is the rotor generated voltage and torque.

During an infinitestimal disturbance (hunting) the Equation of Small
Oscillations of all machines is

d(di®)
dt

dew = Rogdi® + Lag 4 Tgy, odiBiv 4+ Ty, aifdit + Qra—;‘*;—“ B,
d.) For the special case of constant speed the Equation of Motion
reduces to

€y = Zmal.ﬂ

where Z,z is the “transient-impedanece tensor.” The Equation of Small
Oscillation reduces to

dew = Zogdi®

where Z,;3 is the “motional-impedance tensor.” The routine performance
calculation of the various single and interconnected machines is tmmensely
facilitated by the use of these impedance tensors.

The “per-unit’’ concept used in synchronous machines is generalized
and is extended to all rotating machines by introducing the ‘“contra-
variant’’ voltage vector e, the generalized Christoffel symbol of the
second kind I'g, ete.

e.) In order to eliminate in the routine performance caleulation of
the various rotating machines the necessity of using more or less compli-
cated formulae for the transformation of symbols to various eoordinate
systems, the ‘“fensor’’ coneept is introduced. In terms of tensors the
Equation of Motion becomes

€a = Ragi® + Las 638/t

where 8/6f represents “absolute” or “covariant’” differentiation. The
Equation of Voltage becomes

o = R, 451" + b0a/bt.
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These forms show that the equations of rotating machinery are identical
with those of stationary networks if ordinary differentiation is replaced by
absolute differentiation. Or in other words the appearance of the
gravitational mass of the rotor during acceleration in a purely electro-
magnetic system changes all ordinary drivatives into absolute derivatives
(8gas/927=0) and it endowes the electrical coordinates z¥ with cylin-
drical properties. The Equation of Small Oscillations becomes

8(54%)

e = Rag0t® + L,
e 361 + Log o

+ K.s.,gaiaiﬂdx“/ + R‘yﬁaiﬁdxy

where K;,5. is the generalized Riemann-Christoffel curvature tensor
and R,s, is a tensor of rank three introduced by the resistances.

f.) These equations express the fact that the performance calculation
of rotating electrical machinery is primarily a problem in mathematical
physics. It is the problem of the motion of a particle in an n-dimensional
non-Riemannian (affine) space with asymmetric connection (with torsion)
acted upon by a positional (non-conservative) force and opposed by a fric-
tional force proportional to its velocity.

g.) Throughout the paper emphasis has been laid upon a physical
interpretation of all abstract concepts introduced from the Absolute
Calculus and of the phenomena taking place inside of all machines
during acceleration and hunting. Complete examples are worked out
for the case of a salient-pole synchronous machine with amortisseur
windings having stationary and also moving rotor coordinate axes.
and for the most general unbalanced asymmetrical induction motor
Scattered examples for various other machines are also given. An
attempt is also made to explain briefly all symbols new to the general reader.

All examples worked out by the dynamical method give identical
results with those found by older methods by various writers like Park,
Doherty, Nickle ete. for salient-pole synchronous machines, Arnold,
Dreyfus, Lyon ete. for induction and commutator machines.

The step from complex numbers which electrical engineers are
acquainted with to hyper-complex numbers this paper deals with is logical
and is also inevitable sooner or later as the complexity of the electrical
systems to be analized increases.

INTRODUCTION

a.) At the present time the performance caleulation of the various
types of rotating electrical machinery is still in an unorganized state.
In a general way it can be stated that:
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1.) Each rotating machine has a different theory so that an engineer
who can calculate the performance of say the single-phase induction
motor is usually unacquainted with the performance calculation of the
salient-pole alternator and vice-versa. The learning of the perform-
ance calculation of each machine requires usually an intensive study
of many months.

2.) Each leading engineer sets up his own theory about the machine he
specializes in and as a consequence the engineer who is acquainted with
the method of say Steinmetz or Arnold for the ecalculation of the
alternator must learn an entirely new language and procedure in studying,
the method of say Park or Doherty and Nickle for the same alternator,
just as if it were an entirely different machine.

In the study of one particular machine the engineer has a selection
among innumerable theories of innumerable writers ranging from purely
analytical to purely graphical through various degrees of semi-analytical
and semi-graphical methods, each theory being usually independent of
the other. The diversity is still more emphasized by the wvarious
assumptions as to the nature of the design constants, etc.

In the purely analytical study of one machine the procedure usually
consists of setting up a set of equations for the voltages, another set
for the fluxes, a third set of equations for the torque etec. The form of
the equations, however, is different with different writers and different
theories. The analysis of all these sets of equations is long and weary-
some due to the most primitive type of arithmetic that can be utilized
only with the customary methods of attack.

The above statements refer mainly to the steady-state analysis of
machines. Lately the knowledge of the transient performance of
machines is becoming of increasing importance and the articles that
already appeared indicate that the same multiplicity of equations and
variety of theories for each machine that makes the study of the steady-
state performance a drudgery will be more than ever an incentive for
the engineer to follow in his studies the path of least resistance, that is
to set up his own theory rather than try to find his way in a jungle
adding thereby to the confusion. Curiously enough it #s the response
of rotating machinery to transient disturbances that brings out most
emphatically the fundamental identity (group property) of all rotating
machines, more particularly it brings out the facts that:

1) all machines have the same magnetic structure and differ only
in the manner of connection of the electric circuits,

2.) in all circuits of all types of machines the same simple physical
phenomenon oceurs, namely e = ir 4+ d¢/dt + ¢ X velocity.
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And in spite of the fundamental identity of all machines and of all
circuit phenomena there are as many machine theories as there are types
of machines and there are types of engineers.

b.) It is the purpose of this paper to point out to electrical engineers
that there exists a new and powerful branch of mathematies, known
under various names of Tensor-Analysis, Absolute-Calculus, Ricei-
Calculus, etc., which is most ideally suited to unify the analysis of the
innumerable types of rotating machines. The power of the Calculus
lies in the fact that it unifies the analysis of a large variety of problems;
in particular

1.} it reduces the analysis of the differential equations of a whole
group of similar systems (like the group of all rotating electrical
machines) into the analysis of one representative member of the group
and the solutions for the other members of the group are found simply
by a routine transformation of coordinates.

2.} it sets up identical equations for each degree of freedom of the
representative system.

Although the Absolute Caleulus found its first physical application
in relativity dynamics, it is now very extensively used in problems of
classical dynamics also. These classical problems mostly deal with
holonomic dynamical systems with true Lagrangean coordinates and
are formulated in terms of the motion of a particle in a Riemannian
space. When non-holonomic constraints or non-holonomic transforma-
tions are introduced additional forces appear so that the particle
describes paths in a Riemannian space whose geometry is called ‘“non-
holonomic.” In electrical machinery the paths assume a special form
and their performance can be considered as the motion of a particle
in a non-Riemannian space with asymmelric connection. As far as the
writer is aware the equations of a non-Riemannian space have been
used in physical problems so far only in the theory of relativity, in
particular in the various unified field theories.

To avoid any misunderstanding it is emphasized that the subject
matter of this paper has nothing whatever to do with the theory of
relativity. What relative motions are considered they all are relative
motions in the classical sense treated in any book on dynamics. Also
it should be emphasized that the mathematical tool itself, the Absolute
Calculus, has no connection with relativity. It has been worked out
by Ricei about fifty years ago when there was not even any theory of
relativity. (Gauss, Riemann, ete. laid the foundation of the Caleulus.)
The tool is nothing else but a systematie treatment of the theory of a
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set of linear differential equations. However it has been immensely
improved in the hands of relativists, in fact the whole mathematical
apparatus of non-Riemannian space is the creation of relativists during
the last fifteen years in their attempts (so far futile) to unify the
differential equations of the gravitational and electromagnetic fields.
It is interesting that rotating electrical machinery whose differ-
ential equations are those of a non-Riemannian space are non-
holonomic dynamical systems in which also gravitational and electro-
magnetic energies coexist. An important connection between the rela-
tivistic dynamical treatment and the present classical dynamical treat-
ment of the unified theory of gravitational and electromagnetic systems
is that in both treatments the non-Riemannian space is subject to the
restriction that the co-variant derivative of the metric tensor gag is zero.
Also the cylindrical properties of the electrical coordinates are anal-
ogous to those of the recently developed five-dimensional relativity.
The eyclical properties of the coordinates even suggest quantum-theo-
retical analogies. It should be noted that as an alternative to the
present treatment of the performance as the motion of a particle, the
moving waves inside the machines could have been also analyzed. It
seems that any treatment of the non-sinusoidal space waves (subsyn-
chronous speeds, etc.) must take over a large part of the theory of in-
finite-dimensional (Hilbert) spaces of modern quantum-dynamics (the-
ory of spectrum, ete.). It is also evident that many other formal anal-
ogies exist between the equations of interconnected rotating electrical
machinery and those of a group of spinning electrons.

Of course electrical machinery offer a more easily comprehensible
picture to visualize the more elementary concepts of a non-Riemannian
space than the unified field theory does. It is believed that the reader
will find he has been familiar with most of these concepts except that
they did not have such euphonious names as ‘“‘metric tensor,” “Christo-
fell symbol” ete., they were only called “inductance,” ‘“generated
voltage” ete. There is nothing in this paper that can not be understood
by anybody who ever attempted to understand textbooks on rotating machine
performance. The mathematical tool itself is easily learned, in words of
leading authorities it has “almost miraculous” power in simplifying
complicated mathematical processes and last but not least, it has a
certain beauty that will positively appeal to certain types of engineers.

c.) In the early days of rotating machinery the dynamical point of view
has been successfully applied to the study of the synchronous machine
(Hopkinson ete.) by applying to it the Equation of Motion of Lagrange
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as has been interpreted by Maxwell for a system where geometrical and
electrical (Lagrangian) coordinates are present. Bul the method failed
with every other machine where the coordinate axes (brushes, connections,
ete.) were not connected to the moving conductors. At that time
non-holonomic dynamical systems were not analized in a systematic
manner, only in the present century was their general equation set up
by Boltzman and Hamel but due to its scarcity of application even
today it is found only in the most advanced treatises on dynamics.

Since then sporadic attempts were made to build up a dynamical
theory of rotating electrical machinery (Ingram, Dahlgren, ete.) but
they all gave the same equations found by Maxwell, they all used them
for the alternator only (if at all) and for no other machine. Similarly
the equations derived in treatises on electrodynamics for closed electric
circuits moving in a magnetic field are those of Maxwell applicable to
the alternator only, although usually remarks are made that they are
applicable to all dynamo-electric machines.

So Dynamies dropped out of the picture entirely and in its place
electrical engineers built up an immense but loosely knit structure of
physical and mathematical interpretation of the phenomena taking
place inside the various types of machines. The dynamical equations
of Lagrange have been expressly created to avoid just such an eventuality,
they were created to predict the performance of dynamical systems by
the aid of certain functions measured at the terminals, without knowing
anything about the mechanism of the phenomena inside the system. In
other words if the resistances and inductances of the various windings
are given as measured at the terminals and also the diagram of connec-
tions of the terminals, no matter how complicated they are the dynamical
equations ean be set up and the transient and steady-state performance
can be calculated in a routine manner by anyone who otherwise is
ignorant of the various theories of rotating machines given in textbooks.

That is this paper represents a formal mathematical approach to the
performance calculation of all rotating electrical machinery and the setting
up and solutions of the dynamical equations are independent of any
physical theories.

Of course dynamical equations may be interpreted physically after
they are set up, but the interpretation should be considered only as an
after-thought. It is employed mainly in an attempt to give a physical
picture of the concepts introduced from the Absolute Calculus like
“tensor” ete. and it has nothing whatever to do with the dynamical
set up and their solutions, Anyone interested only in performance
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calculations may leave out the sections dealing with physical inter-
pretations.

As expected, if the various terms in the generalized Equation of Mo-
tion are reinterpreted as physical quantities (flux-density, vector-po-
tential, ete.) the new forms are nothing else but the Field Equations of
Maxwell generalized for moving bodies and moving coordinate axes. It
is intended to treat the various forms of the Field Equations (wave,
impulse-energy, etc.) in another publication and to interpret physically
the various curvature quantities (K.s, K) and tensors (stress-energy,
electromagnetic, etc.) as they apply to rotating electrical machinery.

d.) It has been most gratifying to find that while other methods require
often many months of preparation and thought and calculation to set up,
even the steady-state performance of new types of machines (and that can
be done usually only by a few engineers experienced in such mental disci-
pline) the dynamical method presented in this paper gives identical results
by a routine calculation in only a few hours and it can be employed by
any one who knows how to multiply matrices and find their inverse. Even
in cases where other methods are practically helpless as in case of most
machines with asymmetrical windings or magnetic structure and unbalanced
impressed voltages or in cases where various types of machines are inter-
connected in any arbitrary manner, this method gives correct results with
equal facility.

Other advantages of this method are:

1.) In learning the performance calculation of one machine at the
same time the performance caleulation of all other machines is learned.

2.) First the transient performance of machines during acceleration
is analyzed The transient performance calculation with the speed
maintained constant and the steady-state performance calculation
follow as special cases.

3.) The fundamental equations derived for the transient analysis of
rotating electrical machinery are identical with the fundamental equations
of Dynamics and of multidimensional Differential Geometry, hence the
researches of these sciences can be applied to the study of electrical
machinery.

4) In introducing any future refinements into the analysis, for
instance the effect of space-harmonics, multiple phases, slot-openings,
brush-currents, ete. all fundamental equations set up in this paper
remain unchanged, only the value of the constants to be substituted
into the equations are to be changed.

5.) A powerful mathematical tool is acquired which can be used not
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only in the study of rotating machinery, which is the case with all
other tools, but immediately can be applied in the most advanced
studies of mathematical physies.

e.) (In a previous paper the sudden short-circuit performance with
the speed maintained constant and the steady-state performance have
been analyzed in greater detail from purely physical considerations in
the vector and dyadic notation of Gibbs. In a second paper small
transient variations in speed and steady hunting have been covered
from the same point of view. TImportant labor-saving devices such as
A-matrices, complex vectors etc. have been also introduced in them.)

Anyone interested only in the dynamical aspect of the theory of
electrical machinery may consult the following sections: II, I1I, IV, V,
VII, VIII, IX, XXIII, XXIV, XXX.

THE REPRESENTATIVE MACHINE WITH MOVING COORDINATE AXES
I. Hyper-complex Numbers

a.) The quantities the Absolute Calculus deals with are generalizations
of the complex number A + jB. A more compact notation for complex
numbers is (A, B). A three-dimensional eomplex number is 1A + jB
+ kC, which may also be written as (4, B, C). An evident extension
is to supply each number with two indices as Ajj + Bjk + Ckj + Dkk
+ .... This may be denoted by the compact form

A4, B, ...
¢,D, ...

called “matrix.”” Set of numbers may have three or more indices.

A scalar is represented by a single number, a vector by a set of n
numbers (or functions) arranged in a row, a dyadic by a set of n? num-
bers arranged in a square (some of them may be zero), a triadic by a
set of n® numbers arranged in a cube etc. In general they will be
called “‘polyadics.”

Just as in steady-state a-c theory all quantities in the equations, say Z,
stand for a complex number r + jx, similarly in the equations of this paper
all quantities stand for anyone of the above hyper-complex numbers.

b.) A component of a vector along axis d is denoted by an upper or
lower index as A¢ or 45, One term of a dyadic is denoted as Ay,
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A% A or A%, The order or position of the indices can not be inter-
changed, since A4, and A% belong to different sets of n? quantities.
One term of a friadic is written as Aq.r or 444 ete.
An equation such as e, = T Z.g° represents an equation along axis «
8

where the index 8 assumes all the possible values of the indices repre-
senting the various axes d, q, f, etc. There ¢s one big difference between
this notation and the usual scalar equations however. While with the
usual scalar equations each coordinate axis has a different equation, in
tensor notation the equations for all coordinate axes are ideniical. The
index « is simply replaced in turn by d, ¢, f, etc. for the various axes.

It should be noted that the indices to which the summation sign
applies appear twice in the same {erm (once as an upper and once as a
lower index). It is an accepted convention to dispense with the summa-
tion sign and to write the above equation as e, = Z,5%. If o is say d,
then

Zagl® = Zygi' + Zag® + Zast/ + .. ..

The summation sign may ocecur twice or more in the same term. For
instance T R,gi%f = R,si%05

af

It should be noted that:

1.) The two indices that are written with the same letter are called
“dummy”’ indices, the others ‘“free’ indices.

2.) Any letter may be used in the same term as a dummy index.
For instance Iug,2® = Taeyl®.

3.) One of the dummy indices must be an upper, the other a
lower index.

4.) Since most equations of this paper are vector equations, in every
term of the equations only one of the indices will be a free index. This
index must be denoted by the same letter in each term of the equation
and it must be an upper or a lower index in all terms.

II. The Two Represeniative Machines

a.) The most general rotating machine consists of two structures:

1.) A stator having asymmetrical magnetic structure and several
layers of asymmetrical windings arranged in any manner whatever.

2.) A rofor (not necessarily smooth) with several layers of windings
arranged in any manner whatever,

It is assumed that all brushes, sliprings, taps and connections are
removed from both structures.
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b.) Two representative machines will be assumed, each with different
coordinate aves.

In the first machine:

1.) Each stator winding has its own axis as a stationary coordinate axis.

2.} Each rotor winding has its own axis as a moving coordinate axis,
all axes moving together with the rotor.

This machine will serve as the representative machine for which the
fundamental dynamical equations will be derived.

In the second machine:

1.) The stator coordinate axes are stationary and are located
anywhere,

2.) The rotor coordinate axes are also stationary and are located
anywhere.

All formulae ealculated for the first machine will be transformed to
apply to the second machine and this second machine with stationary
coordinate axes will serve as the representative machine from which
the equations for all other rotating machines will be derived by a trans-
formation of ecoordinate axes.

c.) The duplication of representative machines is necessary for the fol-
lowing reasons:

1.) The derivation of the fundamental equations from the Lagrangian
equation is possible only for the machine with moving rotor coordinate
axes, because an axis must be connected to the moving conductors to serve
as a true Lagrangian coordinate axis. 'The only way to set the equations
up for other axes is by the process of ‘“transformation of coordinate axes.”

2.) The routine calculation process of transformation for any particu-
lar machine is simplest if the representative machine has stationary
rotor coordinate axes because all its inductances (that is all coefficients
of its metric tensor) are constants and the troublesome cos 6 and sin 6
terms are eliminated in most cases.

d.) Both representative machines have an additional coordinate axis ¢
along the shaft at right angles in space to all other axes, to represent
the direction of all mechanical vectors like rotor angular velocity, angu-
lar acceleration, torque, etc.

e.) The following notation of axes will be used:

1.) Anyone of the coordinate axes of the representative machine
with moving coordinate axes will be denoted by k, m, n .. ..

2.) Anyone of the axes of the machine with stationary coordinate
axes will be denoted by =por .. ..
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3.) In general the coordinate axes of any machine will be denoted by

o By, 0 .. ..
Individual axes will be denoted by ¢, d, b, a, ¢ .. ..

II1. The Test or Design Constants

In order to calculate the performance of any machine, it is necessary
to know two sets of quantities either tested on an actual machine or
calculated from the design.

1.) The first set consists of the resistances of all windings and the
frictional resistance of the shaft (if any). The numbers are all con-
stants and can be arranged along the diagonal of a square array,
(matrix). It is denoted by a symmetrical dyadic R.s (equ. 1).

q d f b a ¢
G Teq 0 0 0 0
di 0 Taa 0 0 0
Ras =D 0 0 Tob 0 0
a|l 0 0 0 Taa 0
t] 0 0 0 0 LA T P 1

2.) The second set of numbers represents the self and mutual induc-
tances of all windings along the axes considered, and the moment of
inertia of the rotor. The inductance of all rotor windings is expressed
as a function of the rotor angular displacement ¢ = z2¢. The set is
represented by a square array and is denoted by a symmetrical dyadic
L.s. This dyadic will be called the “metric tensor” (equ. 2).

q d 4 b a t
ca| Ly, La | La®) ) La® | 0
d| Ly Lii | La®) | Ly (0) | 0
Lig= b, Ly, (6) L, (0 Ly, (6) L, (® 0
@| Loy 0 | Ly (6) | Ly (8) | Lo (6) ‘ 0
t| 0 o | o 0 L. |... 2

The knowledge of these two sets of numbers Rqg and Log is sufficient to
Jind the transient and steady-state performances of any machine assuming
no magnetic saturation and no tron losses.
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IV. The Ideal Representative Machine

a.) In all equations developed below the value of L,s having terms
with any functions of 9 can be substituted and the performance can be
found by a routine calculation. That is a method of attack is given in
these pages by which the effect of space harmonics (slot openings, m.m.f.
harmonics, etc.) on the performance can be evaluated,

At this point however, it is not intended to work out a complete
problem on harmonics; that is reserved for a future paper. Examples
will be worked out in which the assumptions as regards to the variations
of the inductances with ¢ are the same as the most advanced treatises
on machine analysis have already used (e.g. in case of the salient-pole
alternator etc.) in order to show that the method of this paper gives
identical results in all cases worked out by other methods with by far
less mental and physical labor.

b.) An ideal rotating machine is one in which: (Fig. 1.)

Fia. 1

1.) The rotor windings are symmetrically distributed around the
smooth rotor.

2.) The stator has field-poles on it and asymmetrical windings
anywhere,

3.) The variation of rotor self and mutual inductances with 6 follows
stne curves as shown below,

c.) In the body of the paper the following special case will be fol-
lowed through:

1.) One layer of winding exists on the stator with axes along ¢ and
d and

2.) One layer of winding exists on the rotor with mutually perpen-
dicular axes a and b at an angle 6 from d and q.

(A more general example would be to assume more than two sets of
axes on the rotor, for instance three sets at 120 degrees apart as it is
in a three-phase synchronous machine and also additional inductances,
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like zero phase-sequence reactances. Since they form a special case of
a general treatment of space-harmonics that is intended to be attacked
systematically later, this isolated example will not be followed through
here, though all equations developed are equally valid for it.)

The value of the metric tensor for this particular machine is

d, a " b s ¢

d, L, M, cos 6 — M, sin 6§ 0 |0

ma M,cos6 |L,— L,cos 29 L, sin 2 6 M, sin6| 0
L, = b|—M,sing L,sin 26 Ly+ Lycos 28| M, cos6| O
q, 0 M, sin g M, cos@ L, 0

t 0 0 1 0 0 L

where L, = (L,, + L.;)/2 and L, = (L., — L.)/2. The subseript s
refers to stator, r to rotor, d to direct-axis and ¢ to quadrature-axis
quantities. L represents self-inductance and M mutual inductance.
L.q represents the maximum value of the self-inductance of a rotor
winding when its axis is along the field-poles (direct axis).
The values of R,., are

q, b " a d,

q& rNd 0 O !

m

0
bi 0 r, 0 0
a 0

mn T

®

0
d 0 0 0 r
t 0

d.) For the representative machine with fwo layers of windings on
the stator and two on the rotor L,., is given in table I. Some of the
other derived constants of this machine are also given in the table to
be used in the analysis of machines whose connection diagram is given
in tables IT and III. In the body of the paper the simpler machine
will be followed through since it is also identical with the two-phase
salient-pole alternator with amortisseur winding. It should be noted
however that these simpler matrices in the body of the paper can be
found from those given in the table simply by cancelling the rows and
columns that belong to the second layers of the stator and rotor. That
ts all general expressions Leag, Ras, elc. refer to those given in the table.
The simpler expressions in the body of the paper serve only as illustra-
tions that can be easily checked.

ol



Let Ly =(Liytlhal/2, Li=(Ln-Li)R2, L=L3sLi0/2 Li=(Lh-L%)2
& d 2, a, ™ b b, % g
mdf 2 wd M, cos @ M,cos® | ~MysinB | ~Misin® 0 0
&l Li | Lid Myces @ Mjcos® | -M,sing | ~Mysiné 0 0
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V. The Equation of Motion

a.) Let in the representative machine with moving coordinate azes
the following quantities be defined:

1.) the total number of charges that passed through any winding,
counted from a definite time and the instantaneous angular displace-
ment of the rotor, measured from the center of the field-pole are denoted
by z* where k may have any value ¢, d, ... t. (z'is also denoted as ).

2.) the value of the instantameocus current in each winding and the
instantaneous angular velocity of the rotor are ¢ = dz*/dt

3.) the instantaneous terminal voliage applied to any winding and
the instantaneous applied shaft torque are e;.

The instantaneous stored kinetic energy is T = (1/2)Ln.t™" con-
sisting of the sum of the magnetic and the mechanical kinetic energy.
The instantaneous dissipation function (one-half of the dissipated power)
is F = (1/2)Rn.imi". The potential energy of the machine is zero.

In a general dynamical system several types of coordinates may
exist, geometrical, elastic, magnetic, etec. In rotating electrical machinery
two types of coordinates occur, one geometrical coordinate 6 and n — 1
electrical coordinates (charges). Since electrical coordinates differ in
many respects from geometrical ones the resultant dynamical equations
are special cases of the usual equations of Particle Dynamics allowing
special treatments. (Electrical coordinates are also called “cyclic”
coordinates.)

b.) The Equation of Motion of Lagrange for a system containing kinetic
energy and dissipation 1s

dfeT oT |, oF
‘m<517>—5_13k+£‘1_ek .................. 5

Substituting the values of 7 and F

1d (0L _ 10Lni™" | 1 8Rmid™ _
241\ o 27 ox 2 "
But
1 8L nnt™"
el S
27 oF #
and
1 0Rnat™" _ Roui™

2 e
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Also
d(Lmi™) _ di” | dLyg o _ A" | 0L dz” o,
R TRl _L’""dt+ ozn di
_ di™ | 8Lmk ..
Lmk (It + a - 11
Substituting
— “m d 6Lmk _ 1 aLmn mon
€. = mkl + Lﬂll\ (” + ( axn 'é axk )'L [ 2R 6

In this equation it is customary to divide the first term in parenthesis
into two components by interchanging the indices m and n, so that

aLml; non 1 aLmk aLnk o

P ™ _§(ax" + ax"‘>l F P
The expression in the parenthesis of equ. 6 is a triadic, it will be denoted

by [mn, k) and called the “Christoffel symbol of the first kind”

6L,,,L aLnk aLmn
k — e
b 7, k] = ( ox" t ™ 61*) 8
Hence the Equation of Motion of the representative machine is
d cni
€. = ,,,Ll + Lmk + [mn k] .............. 9

¢.) It will be assumed that each term of this equation will be represented
by the same symbols in any coordinate system, that is the Equation of
Motion will be assumed to be represented in any coordinate system
by replacing [mn, k] by Ts,, . representing any function of Leg

€= R + L +Fg.,azz‘f .............. 10

At dt

VI. Calculation of Thn, &

a.) It will be found advantageous to define I'n,, i for the representa-
tive machine just as it follows from the dynamical equation 6
aLmk 1 aLmn

an T T T S T T i i e s e e e 1
'k ax" 2 9x* 1

instead of as in equ. 8. Both definitions of T, unll give identical
voltages and torques in all coordinate systems but with the latter definition
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the actual caleculation of voltages is cut into two and the physical
definitions are expressed in simpler forms

b.) In calculating I.., x from equ. 11 it should be noted that one of
the indices must be ¢ since L., is a funetion of z* = 6 only. That is
from equ. 11

. . 0L,
1)ifn =1t Fpx = PR LR PRERRTPRITERY 12
. 1 0L,
2)if k=1 Tppe = — 5 gt 13
B)ifm=t T =0, 14

Differentiating every term of L., as given in equ. 3 with respeet
to 6 then
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o1

0

g/ (6 ws ” )

|

2/(9 800 ") —

| 0

b

3/ (0208 — §4809) (> — #*])

G/(§800 ) | q

2/(0 s ") g 800 g uts (P] — 4q) 1
8/(0800 " 1 — 17/(9U1S — 9,800) (" —P*) | gsooguis ("7 — P) | g/(QUSTH) | D
0 /(9 800 ) /(6 WS Pp) 0 P
*b q “ » P
e1 0 gus® p — 9S00 ® ;W 0 i)
QUWS’Jf — | 9802 QWIS (W] — ") — | (95WIS — 4800) (M — "1 | SO P — | @ _ yiru g
gS0D P | (§4UIS — 4800) (P — P )| 9S00 QWIS (P — "G | QUISP — | D
0 9800 Py — g s Ppy — 0 P
*h q ¥ 4 p
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For instance Tu, o = — Masin g, Tas gs,: = 0.

c.) With the aid of the two divisions of Twn, x 1180 Try, & and Toa, « the
Equation of Motion can be divided into two components. One is the
Equation of Voltage found by allowing the free index assume any
value but ¢

€ = ml.lm + LmL + Pmt i Z (’\« = ds, a, b, Qg) R v

representing the voltage equation of each coordinate axis. The other
component is the Equation of Torque found by allowing the free index
assume only the value ¢

t dl.t NZ
=R“L +Lua+rmn 12 18

where the torque developed by the machine is

l Torque = Thpn. 2™" [ .................... 19

For instance if k¥ = ¢, than the instantaneous voltage in the stator
along axis ¢, is found from equ. 17

€gs = Ry st + M, sm0 +M cos() -l—z M, cos 03t — i* M ,sin 64"

d.) If the labor-saving device is not followed and T, 5 is defined as
the sum of three components as in equ. 8 than TI',,, . is expressed in
three matrices

L) Toes = %a(,ﬁ;;"‘ = one half of equ. 15........... 20
2) Thpp = % a;;"nf = one half of equ. 15........... 21
3)1‘,;,.,"—5%1:&1&16 ................... 22

With this definition the Equation of Voltage is

d “m
€ = klm + Lm;l + P(mt) k I L ............. 23
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where
l-‘(mt), k= F(tm), k= Pmt, k + th_ Lo oo oenonnennan 24

The matrix of T'euy, » is equ. 15, that is the same as that of T, &

e.) Also it should be noted that equ. 11 could have been defined as
Tum, v instead of T'my, x. With this definition equ. 15 would have been
denoted as T'yn, ; instead of T, &.

THE REPRESENTATIVE MACHINE WITH STATIONARY COORDINATE AXES

VII. The Transformation of Coordinate Axes

a.) Let a new representative machine be assumed in which the rotor
coordinate axes are stationary along the direct and quadrature axes
d, and ¢,. Then the old variables z* and x* are replaced by new variables
z% and zv, while the variables 2%, % and x* remain unchanged.

In order to set up a relation between the new and the old variables
if possible, the variation of the mutual inductance between the new
and the old coordinate axes will be examined. ‘

Returning to equ. 3 the mutual inductance between axes a and d,
is M, cos 6 where M, is the value of the mutual inductance when axis a
is opposite axis d,, Hence the mutual inductance between axes ¢ and
d, is assumed as L.; cos § where L.; is the self-inductance of axis a
when it coincides with axis d..

Similarly the mutual inductance between axis b and d, is assumed
as — L,gsin 6.

b.) Hence the following identity exists between the fluz-linkages set
up at axis d, by currents at the new and by currents at the old coordi-
nate axes

19 [,q = 1*L,4 cos 8 — 2°L,4 sin 6

since ¢ produces no flux-linkages at axis d..
The relation between the currents is found by cancelling L,q

49r = qecos @ —etsinb....... ... ..., 25

Following similar reasonings with respect to the flux-linkages set up at
axis ¢- by currents at the new and at the old coordinate axes

77 = 7¢sin @ + 1% cos @

The relations between the differentials of the new variables dz* and
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the old variables dz™ are found from the two current-equations by
cancelling dt

dz?” = cosfdx® —sin 6dxb................. 26
dx® = gin §d2* + cosbda® ... .............. 27

c.) The coefficients of the differentials can be represented in a square
malrix called the ‘““transformation tensor’” and denoted by C,. Since
%, 79" and 7' remain unchanged C7; = 1 ete. That is the transforma-
tion tensor C7, is

d, d, " s t
d] 1 o | o Jo]o
ai 0 cos 6 sin 6 0 0
Cr=5>bi 0 — sin @ cos @ 0 0
.| 0 0 0 1| o

t] 0 0 0 0 L 28

(Since the determinant is unity, the transformation is called “orthogo-
nal.”) Hence

drm = Clde™ | oo 29
Also
P E 30

As an example the current along the new axis dr is found from its values
along the old axes

1= O 4 O i OIS 4 O {1 = cos 64 — sin 6.

The values of the other vectors and polyadics along the new coordinate
axes are also found with the aid of the transformation tensor C) from
their values along the old coordinate axes, but their formulae of trans-
formation are different from that of ;" in equ. 30.

VIII. Quasi-holonomic Transformations

a.) A very important point is to note that while an equation was set up
between the differentials of the old and the new variables, no equation can
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be set up between the variables themselves such as a9 = fir(xe, ab .. .),
Consequently equ. 26 can not be written as

dx? = Eﬂ dre + o drb. ..o 31
ax° oz’

If this last equation is assumed then

adr
5‘%; =C" = cosd

and the following contradiction results

dr 2pdr 2pdr dr
aC? o sing = I _ o%f¢ _ 9CY
axt dxeoxt oxox® ox¢

Hence C2" can not be written as 8f"/dx°, in the expression 8C],/dx™
the indices m and n can not be interchanged, the differential equation 26
can not be integrated and the function f(z¢r, 2 ...) = 0 does not
exist. For this reason dxz?", dx?" are not exact differentials and conse-
quently the treatment of rotating electrical machinery differs from that
of other dynamical systems with true Lagrangian coordinates (called
“holonomic’’ dynamical systems) where always an equation can be set
up between the old and the new variables themselves.

b.) However the treatment of electrical machinery differs also from that
of a general non-holonomic dynamical system due to the presence of both
geometrical and electrical coordinates which influences the forms of the
transformation tensor and of the metric tensor the following way:

1.) The coefficients of the transformation tensor equ. 28 are either
constants or are functions of ¢ = 6 only. (In general they are func-
tions of all the old coordinates.)

2.) The coordinate z‘ always remains unchanged, that is z* can be
considered as an old and also as a new variable. Some of the other
coordinates also remain unchanged.

3.) The metric tensor L, is a function of x* only, similarly Iy, ,.
(In general they are functions of all the old variables.)

Due to this special form the number of unknowns (dependant variables)
in the transformed equations is n, that is the same as the number of
dynamical equations. Before the transformation the variables are 2!
and the n — 1 currents dr™/dt (or the n — 1 electrical coordinates 2™)
after the transformation the variables are z* and the n — 1 new cur-
rents dr/dt or x7. (In case of general non-holonomic dynamical systems
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the number of variables in the n transformed dynamical equations is 2n.
They are the n old coordinates oceurring in L.g and C7; and the » new
differentials or velocities. The n equations of transformations supply
the additional equations.)

Since in the transformed equations the new variables can be calcu-
lated, the expression “non-holonomie coordinates” is justified, even
though in case of general non-integrable transformations the expression
is meaningless and only ‘‘differentials of non-holonomiec coordinates’ is
admissible. In other words ‘“electrical non-holonomic coordinates’” do
exist but “geometrical non-holonomie coordinates” do not.

Following a suggestion of Lorentz who calls the system of electric
charges moving in a ponderable body a ‘“quasi-holonomic” system
(although being non-holonomic it is solved as if it were holonomic)
rotating electrical machinery and similar dynamical systems will be called
“quasi-holonomic”’ dynamical systems since they are soluble as if they
were holonomic dynamical systems,

c.) With respect to the electrical coordinates the matrix of trans-
formation appears as containing only constant terms since 4 is not trans-
formed. Hence the inverse transformation tensor C7 is found simply
by ecalculating the inverse of the matrix of C). (In the general case
where C; = 9x/dx™ first the old coordinates must be expressed in
terms of the new coordinates and then only can C’; be calculated by
differentiation.) The inverse transformation tensor is

d, a ™ b s t
ds| 1 0 0 0 0
- d.| 0 cos 0 -sin # 0 0
¢y = Q- 0 | siné cos 0 0 0
9| 0O 0 0 1 0

tL o 0 0 0 1 v ... 33

IX. The Connection Tensor of Machines

a.) Just as the répresentative machine with stationary coordinate
axes differs from that with moving coordinate axes only by a trans-
formation or connection tensor by the aid of which all polyadies L.,
Twn, « ete. are transformed into L., T,,, . ete. according to certain
rules developed later, similarly all other rotating machines differ from
the representative machine with stationary coordinate axes by a trans-
formation tensor Cy. Each machine has its own transformation or
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connection tensor, which in fact is nothing else but a mathematical repre-
sentation of its connection diagram.

If the connection diagram of the machine is given, its connection
tensor can be set up immediately in a few minutes and that found all
its operators T',, » ete. and hence its performance can be found by only
a routine calculation, which may be long or short depending on the
complexity of the connection diagram, but without any further analysis
or research into the physics of the problem. In particular:

1.) the steady-state performance of all single and interconnected
machines and the steady hunting performance are found by arith-
metical calculations.

2.) in case of machines with stationary coordinate axes (to which by
far the largest number of machines belong or can be reduced to) the
performance calculation for sudden short-circuits with constant speed
maintained, and for transient speed variations superimposed upon a
steady state is automatically put into a form in which the Expansion
Theorem of Heaviside (which is used mostly in stationary pet work
analysis) can be immediately applied without the use of operational
transformations.

In the accompanying table the connection diagrams and connection
tensors of a few representative types of machines used in industry are
given. They were discussed in detail in the previous papers where
important labor-saving methods (complex vectors, A-matrices, etc.)
were also introduced.

It should be noted that:

1.) When two circuits f and ¢ are in series they can be replaced by
h and +/ becomes 7%, also ¢ becomes 7*

2.) In machines with sliprings on a rotor circuit like the Schrage
motor, (Fig. 8) [or the synchronous converter (Fig. 9)] where sliprings
are connected to the second rotor layer, the moving coordinate axes of
the sliprings @, b2 can be replaced by the stationary coordinate axes
d,: and ¢ in practically all problems.

3.) = represents the ratio of turns.

b.) The power of the new tool can be appreciated especially when
analyzing a group of machines interconnected in any manner whatever
as represented by a tensor CL. Every operator Lag, Tas, y of the group
is equal to the sum of that particular operator of each individual unit,
transformed by CIL. The group connection diagram and the group
connection tensor of a few interconnected machines are given in figs. 15,
16 and 17.
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In case of balanced polyphase machines with balanced impressed
voltages only one phase may be studied. To do that all “¢”” indices
along the stator and the brushes may be replaced by a ‘“d”’ index and
the corresponding terms multiplied by —j representing a fundamental
frequency time lag. Also all slip-ring indices ‘b’ may be replaced by
an “o’’ index and the corresponding term multiplied by —k representing
a slip-frequency time lag.

¢.) Rotating machines can be grouped according to the form of the matriz
of the connection tensor into three classes:

1.) The matrix of C7, is square, that is the number of old coordinates
is equal to the number of new coordinates.

2.) The number of new coordinate axes is less and the matrix of C7
is rectangular (also called ‘“‘singular matrix’’).

3.) The number of new coordinate axes is more.

In the two latter cases the determinant of the transformation matrix
is zero and the inverse of C can not be defined without further
assumptions, ‘

Rotating machines also can be grouped into two classes according to the
nature of the variables occurring in the transformation tensor:

1.) Those connection tensors that contain no  can be represented
as 0x*/9x* = CT,

2.) Those that contain 6 again represent non-integrable transforma-
tions in passing from the representative machine with stationary
coordinate axes to the particular machine and C, can not be repre-
sented as af"/dx* = dx7/dx%.

d.) It should also be noted that from fig. 2 the connection tensor of
the salient-pole alternator with amortisseur windings, the asymmetrical
unbalanced induction motor (split-phase, capacitor, ete. motors) the
single-phase induction motor and multiple-cage induction motor is the
unit matrix (having unity in the main diagonal and zero everywhere).
The final transient and steady-state formulae of these machines are
exactly identical in using the method of the paper, the difference is only
in the type of terminal voltage (d—c., a—., balanced, unbalanced ete.)
that is applied to them.

X. Sinusoidal Space Waves

a.) The physical concepts so far introduced are:
1.) the charges and angular displacement x*

2.) the currents and angular velocity ¢

3.) the applied terminal voltages and torque e,
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4.) the inductances and moment of inertia L.g

5.) the resistance and friction R.s

6.) the flux-linkages and angular momentum L,g*.
Besides these concepts no other physical quantity need to be introduced
throughout the rest of the paper. All other expressions that occur in the
equations like Tag, ,2%% or L.gdi®/dt ete., can be considered simply as
mathematical symbols. This point of view has been followed more or
less consistently by other writers. In this paper however it is intended
to interpret physically every symbol and expression that occurs in the
equations to facilitate the understanding of the meaning of the symbols,
their peculiarities, manner of transformation ete. In fact rotating elec-
trical machinery offer a most clear-cut, easily ccmprehensible physical
picture by which the otherwise abstract concepts of the Absolute Cal-
culus can be immediately visualized.

Fic. 18

It will be assumed for the sake of a physical interpretation of symbols,
that at any one instant during acceleration in each layer of winding the
current-density and flux-density waves are stnusoidally distributed in space.

These assumptions were made in the previous papers in setting up the
fundamental equations and the equations derived there are identical
with those derived here, though n this paper the assumptions are only
the sinusoidal variation of inductances. Hence the assumptions are
legitimate; besides the actual space variation of quantities in most
machines is not far from sinusoidal, especially in the rotor. In any case
it is only assumed for visualization that the machine with sinusoidal
variation of inductances is replaced by another machine with sinusoidal
space variation of current and flux-densities, both machines giving
identical results.

[b.) The current % is the current in the winding surrounding the
field pole along axis d,. This current however becomes ¢#* = i.q,
when considered as a current-density wave. That is what here is called
i® it was called in the previous paper 7.q,, 1% was called 7.d, ete. How-
ever all results of both points of view are identical if:
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1.) the unit vectors and indices d and ¢ are interchanged, also
aand b

2.) the instantaneous position of the coordinate axes used in the
previous paper are given in Fig. 18, while their position as used in this
paper is given in Fig. 1.]

XI. The Physical Interpretation of Symbols

a.) A two-pole sinusoidal space wave in a winding like current density,
can be represented by a vector drawn from the center of the rotor
toward the positive maximum value of the wave.

An n-dimensional space wave or vector consists of two-dimensional waves
or vectors in each layer of winding, with an additional dimension along
the axis of the rotor.

b.) In every rotating machine the following n-dimensional space
waves or vectors can be assumed to exist at any one instant during
acceleration:

1.) a current-density and velocity vector z®

2.) a vector L.g® which includes the flux-linkage vector ¢, (magnetic
vector potential) and the angular momentum L,

3.) the rotor flux-density vector T'ss, 424 = ¥,y (oF T(ay, 45%). Al-
though the expression stands for a dyadie, still the dyadic can be repre-
sented physically by a space vector. This calls attention to the fact
that two kinds of physical vectors can be differentiated “polar” and
“axial”’ vectors. The polar vectors like the above two are mathe-
matically represented by a vector ¢, while an axial vector, like the flux
density is mathematically represented by a dyadic ¥,.

In addition the following voltage vectors exist:

1.) the impressed voltage vector and shaft torque e,

2.) the resistance-drop vector and frictional drop R.s?

3.) the vector L.sd#®/di which includes the 7nduced voltage vector
d@./dt and the time rate of change of angular momentum L..di'/dt

4.) the vector T'ug, 42 which includes the generated voltage vector
V.4t and the torque developed by the machine ¥g,#. The two flux
density vectors ¥, and ¥,, are not identical. (See section XXVI.)

¢.) In terms of these space vectors the Equation of Voltage (equ. 17)
can be written as

. dge |, = .
eq = R.si? + n F Wl 34
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if dea/dt is defined as Lagdi#/dt, and the Equation of Torque (equ. 18) as
. dit .
e = Rui' + L, ;i F W 35

These equations are the Field Equations of Maxwell generalized for
moving bodies, expressed in terms of the magnetic vector potential
(assuming no electrostatic field).

d.) Hence in each layer of winding at all instant mazimum four two-
dimensional vectors can be drawn in space always forming a closed
polygon:

1.) the impressed voltage vector, if any,

2.) the resistance drop vector,

3.) the induced voltage vector,

4.) the generated voltage vector, if any.

e.) [In a former publication the writer developed a purely graphical
steady-state analysis of rotating machinery in which the loci of all
currents, having circular, elliptical or any other shape, were found with
the aid of these four vectors only and the current vector, which all do exist
actually inside the machine in each layer (that is they are measurable).
The advantages of this purely physical, graphical theory compared with
other graphical theories are:

. 1.) the only formula used in the construction of loci is r/x which
only serves as scale of measurements

2.) beside these actually existing vectors, practically no other auxiliary
construction lines are used

3.) at any desired point of any locus the magnitude of all currents,
fluxes and voltages actually existing in each layer of winding can be
immediately constructed without any auxiliary lines, in their correct
space and time phase relation to each other, just as they exist inside
the machine,.

The results of the graphical treatment are identical with those of
this paper.

It seems that any eventual purely graphical, transient theory of
rotating machinery should be built upon the analytically and physically
sound principle of representing only actually eristing vectors on the
diagram instead of hypothetical leakage fluxes, magnetizing currents,
etc. or even any other auxiliary construction lines.]

f.) In connection with the space vectors defined above a physical
definition can be given to the polyadics of this paper as follows:

1.) a dyadic is an operator which moves a space vector from one part
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of space into another part by rotations and extensions. For instance
L.s changes the current vector ¢? into a flux linkage vector ¢, = L,gtP.
In each layer of winding the position of ¢, is different from that of ¢#

2.) a triadic is an operator which changes two vectors into one vector.
That is T, s changes the current vector i* and the velocity vector !
into a generated voltage vector eg = Ty, g22¢'. Or I'ug, . changes two
current vectors 7= and #¥ into a torque vector e’ = T'us, 72",

THE THEORY OF TENSORS

XII. Polyadics and Tensors

One of the aims of the Absolute Calculus is to investigate how a particular
polyadic behaves when a new coordinate system is introduced.

Let a physical space vector, say a generated voltage vector, be con-
sidered, whose components A% and A® are known along the moving
coordinate axes b and a. If stationary coordinate axes d” and ¢" are
introduced and the same physical vector is constructed again from its
components A% and A« along the new axes, then often the resultant
vector does not coincide with its former position. The vector may be even
zero in the new coordinate system, although everything remained the
same except the axes from which measurements are made.

If the magnitude and position of a vector is the same in any coordinate
system, it 1s called a ‘‘tensor’ of rank one. Similarly if the result of an
operation by a polyadic is the same vector even if the polyadic is expressed
in vartous coordinate systems, the polyadic is called a “tensor’” (or
“invariant’’).

A tensor is transformed by multiplying each of its indices by the trans-

formation tensor C5. TFor instance the new coefficients A.g, ... of a
tensor are found from the old coefficients Am,i ... by
| Aagy .= Amu. CoCHCE |l 36

A polyadic which is not a tensor is transformed into a new coordinate
system by a more complicated formula. A great part of the work below will
consist of determining which polyadics are tensors and of finding the
formulae of transformation of those that are not tensors.

So far the only tensors established are dz™ and ¢~ since their formulae
of transformation as given in equations 20 and 22 are those of tensors.

If the matrix of transformation is not square but rectangular all
equations developed below and all physical interpretations are also
valid for them, exeept the above physical definition of a tensor. The
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new polyadics derived with the aid of the rectangular matrices are called
“induced’’ polyadics

XIII. Covariant Tensors

a.) To establish the character of vector e,, let the input power which
is a scalar quantity, be P = e,i™. The value of the power input is an
invariant (or tensor) that is from physical considerations its value is
independent of the coordinate system in which it is measured just like
those of the other scalar quantities of output, stored energy ete.

Hence in new coordinates P = e,2*. But i* = Cr¢™ from equ. 29.
Substituting P = e,z = e,Cni™ = e,t”. Hence ¢, = e.C,, or

Comparing this equation with equ. 29 it is found that C7 which
transforms e, into the new coordinate system is the inverse of Cj, which
transforms 7™ into the new coordinate system. Hence to differentiate
e. and similar veectors from 7* its index is a lower index. The vectors
that transform by equ. 29 have an upper index and are called “‘contra-
variant”’ vectors, those that are transformed according to equ. 37 have a
lower index and are called “covariant’” vectors. Tensors of higher rank
also may have any number of upper and lower indices, but for instance
Lgs and L*® are two different tensors with different n? coeflicients.

b.) Since the kinetic energy (14)L.gi*i® is a scalar invariant, its deriva-
tive with respect to ¢* that is L.st® is a covariant vector ¢,. Its deriva-
tive with respect to #, that is Les is a double covariant tensor. Simi-
larly the derivative of the dissipation function, a scalar, (14)R.si*"
is Ras?®, a tensor and also its derivative R, is a double covariant tensor.

Hence the values of L., and R, in the new coordinate system with
stationary axes are by the formula

Low = LG o, 38
d, d. ° ¢ % t
a L, | M, 0| 0 ] 0
4™, | L, 0 | 0 | o
L= q¢| 0 | 0 | L, | M, | 0
g O 0 M, | L, 0

¢ 0 0 0 0 L, |........ 39
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d, 4. ¢ q, t
d| el O] 0] 0] 0
d{ 0 | r | 0| 0] 0
Ro=gq, 0 | 0 | r.| 0] 0
@l Ol OO0 |r,| O

t|] 0] 010710 T 40

¢.) Among the space vectors so far all but two were found to be
tensors. It will be shown now that the remaining two vectors, Lasdi®/dt
which includes the induced voltage and T3, ,i%® which includes the gene-
rated voltage are not tensors, neither are di®, di¢/dt or I's, , and their
law of transformation does not follow the simple formula of equ. 36.
In other words the space vector, say di* has different lengths and different
positions when measured from different sets of coordinate axes, although
the vector t* s an invariant,

XIV. The Transformation Formula of di*

a.) From equ. 29 i = (7i*. Substituting this value of ¢ into di™

din = d(i7Cm) = dirCm 4+ 1= X qpe L 41
ox°
In rotating machinery C7 is a function only of z* = 6. Hence
din = di*Cy + i~ oC i 42
oxt

The formula shows that the new vector consists of the old vector di*C’y
plus an additional vector which is a function of the instantaneous velocity
ete. If both old and new coordinate axes are stationary the additional
vector disappears and di™ becomes a tensor.

b.) A physical representation is given in fig. 19. Let the current
vector in the rotor change from OA to OB while the axis of the sliprings
changes from 6 to 6 + dé.

The observers on the stationary axes measure the scalar value of the
current before the change along d, as OC and after the change as OD.
Along axis ¢ they measure the change in current as EF. Hence they
construct the di™ vector as AB.

The observers on the moving axes measure the scalar value of the
current before the change along axis ¢ as OG and after the change as
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OI = OL instead of 0Q, since the axis itself from which the measure-
ment is made has also moved and the projection of OB on the changed
axis is OI. It is true that the observers also measure a change of dis-
placement d6, but that does not appear to them as a change of current
as measured by an ammeter (it will be shown below that that appears
to them as an additional voltage). Similarly along axis b the change
of current is OH — O = HK. Hence the resultant di™ as measured
from the moving axes is constructed as AM.

From equation 42:

1.) dim = AM is the vector measured from the moving axes

2.) di*C7 = AB is the vector measured from the stationary axes

3.) ¢*dz*(8C%/6z*) = BN is a vector whose magnitude is equal to
i*dxt = OA.LI/OL and which is rotated at right angles to ¢* by aC7/dz".

The vector NM remaining on the diagram, perpendicular to AB is an
infinitesimal of the second order, (its magnitude isdi.dd = AB.LI/OL)
and would disappear from the drawing if the angle d6 and the length
AB could be assumed small enough.

¢.) The transformation formula for di™/dt is

dim

1 ocz
dt

di*
_E{C'—*_z axe
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Also
d a m T TE aC':
Loy, — T = L,..CiCr — C + L,,CiCrim e
- L" die C” 4 LoCreene 20 44
oxT

since C5,C7 = 87 = unit matrix.

XV. The Transformation Formula of T, «
In the Equation of Motion (equ. 9)

'm
€ = ml.l + Lml t + an. Limin

e is a tensor of rank one, similarly R.;i”. Hence it follows that the
sum of the remaining two vectors also must be a tensor. Since
Ldi™/dt is not a tensor, therefore I',.,, ™" is not a tensor, neither
is F,,m, ke

The formula for the transformation of I',,., » can be found from the
fact that the sum of the above mentioned two vectors is a covariant
tensor of rank one. Hence according to equ. 37

Lre dt +I‘W " z“*(L,,.kd—l—+I‘m,. %l Z)Ci45

Substituting the value of L,.di™/dt from equ. 44

LB 4 b = Lo B 0308 + Lo, 07050k 3t 4o i
Teo, £1° = Ty, 11¢ CT°C2C% + Lo aC‘ CFioge
Fea. r = mn i CanCk + L aC( CI; ............ 46

This formula like every other transformation formula 7s true for any
two coordinate systems and is one of the fundamental formulae of the
Absolute Calculus. The first part leaves the operator unchanged, while
the second part again is a funection of the velocity and it disappears if
both sets of coordinate axes are stationary.

XVI. The Calculation of T, «

a.) The caleulation of the generalized Christoffel symbol for the
representative machine with stationary coordinate axes is made again
in two steps by dividing T, - into T« » and T, ..
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a m

r(t'n = Fm;, i C’:C,‘, + Lmk Ci ............... 47
oxt
(C} is unity). As an example T, , will be calculated in detail
d, a ™ b s t
d;1 0 0 0 0 0
" td, 0 — sin @ — cos ¢ 0 0
aa(if =gq,| O cos 8 — gin @ 0 0
¢! 0 0 0 0 0
t] o 0 0 0 0 |...... 48
ds d. 7 q. qs t
ds| O 0 0 0 0
‘&0 | 0 | =L, —-M,| 0
1, 0C r 0| Ma| Lu 0 0 0
ar 2. 0| © 0 0 0
tl o | o 0 0 0 49
ds d, i 9 s
d| 0 | 0 | =M, |0
. A0 0 Lo—Lu | M,
Pris CCe = N | T L = I 0 0
qs 0 M, 0 0 |..50
d, d " q 9.
‘d, 0 0 — M, 0
d.| 0 1 0 — L. 0
T, =
.10 L,, 0 0
g.| 0 ’ M, D I 51

b.) If T, . is assumed as an operator in the old coordinate system,
the same value of T, » given in equ. 15 is found by the use of equ. 47

that is by

aC,

Fmt.k’: P(t.l‘C:; CZ +LexJCZ .............. 52
axt

The recalculation of T x serves as a check on the correctness of

T, ». Thatis
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0 0 0 0 b
gruis " — | g 800 g uls ("] — PT) | (g LUIS T+ g 4800 PirT)y — | g0 Py — | q o e,
0500 " | g 500 Py + g uis Py | gsoogus (g — P |gmse — v T ) ie
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€0 gus’p — 9800 b gy 0]
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the sum of these two matrices gives the matrix of equ. 15.
¢.) The value of I'y,, . is found from

Teoyt = Pt CeCloeeninei oo 55
Since k = ¢, m in L, also must be ¢ and aC}/ax! is zero.
d, d. i g, g,
d| 0 0 Mq/2 0
r.,,= %0 0 (La = Lig)/2 | — M,/2
| Ma/2 | (L — L,))/2 0 0
q, 0 ' - M,/2 0 0 .56

In section XXVII T'.,, ; is not given by this matrix but by another
identical with that of I, » in equ. 51 with opposite signs. The dis-
crepancy however is only apparent. This matrix is used only in the
calculations of torque, I',, (¢%°. Forgetting for the time being about
the index ¢, the expression for torque is a homogeneous quadratic form.
That means that only the symmetrical part of the matrix is effective,
that is the matrix given in equ. 56.

d.) If the labor-saving device is not followed and I, ; is defined as
in equ. 8 then the coefficients of I/, , would be given in three matrices,
two for the determination of voltages (instead of one) and one for the
torque, as previously. The three components of T,, , are given in
equs. 20-22,

1.) I, , is found from I',, , equ. 47. Hence I',, ,C7 C% is one half

et, T

of equ. 50 the other term is given in equ. 49. Their sum is

d, d, q, 4,
s 0 0 — Ma/2 0
- d.| 0 ‘ 0 — (Lua+ L,)/2 | — M,/2
b | Ma/2 | (La + L,,)/2 0 0
.| 0 | M,/2 0 0 .57

2) I}, , is found from T';, , by equ. 46. The matrix of '}, ,C%C%
is one half of equ. 50 the other term is however zero since ¢ is not equal
tot. Hence

d, d, i q, q,
4] o 0 — M,/2 0
o 4| o 0 (Lo— L,)/2 | M,/2
T g = M2 <L,q—L,.,\/2‘ 0 0
q, 0 M,/2 0 0 | . .58
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b.) Since the applied steady-state voltages along the direct and quad-
rature axes of the armature are constants ¢¥ = ¢ sin é and e = ¢ cos §,
the steady-state tmpedance tensor of the group is found by making p = 0.

Hence (since pf = vw =

q,

q,
q,

wand oL = X)
d.: d8 d" Qr Qs q;
T;d 0 — X,:,d sin 8 X,:,d cos 6 0 L
0 Ted 0 i md 0 0
rr+ 7, —siné. | — Xu— X, ;co8?d

010 cosd (X.,— XD — X!, sin?é 0]0
oo X,,+ X gsin26 4+ | r 4+ 7, + sins. olo

o X/, cos?s cos 8 (X;, — X)) s
0|0 Xong 0 Toq| O
0|0 —~ X, c088 — X, siné 0 |r.,

If the resistances are assumed to be zero the equations check with
those given by Doherty and Nickle.

1.) Fynn-Weichsel Motor.

sor is

XXI. Scattered Examples

Fig. 14.

Its transient impedance ten-
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The sum of the two matrices 57 and 58 is the matrix of T'y, » as
given in equ. 51. Hence both definitions give the same voltages.
That is T(epy, #2¢ = e, 26 = Ty, #2%

3.) I',,, . is identical with T',,, ; given in equ. 56.

It should be noted that I',,, , is not equal to I'y,, » or in other words
T, » 18 asymmetrical in the indices € and o in either definition of Tma, &-

e.) With the definition of section VIe matrix 51 would have been
denoted as Ty, » instead of I'y, «.

XVII. The Coriolis Voltage

a.) An interesting physical interpretation can be given to the trans-
formation formula of I'ss, , in equs. 46 or 47 and 55.

Let the Equation of Voltage (equ. 17) be set up for the represent-
ative machine with stafionary coordinate axes

er = chie + L‘rrc “(ii_i; + Pet, a—i!it ................ 59

b.) The observers on the stationary axes measure two voltages due to the
presence of flux lines:

1.) An induced voltage L.di¢/dt = dy./dt in all stator and rotor
axes assuming:

a.) the rotor conductors stationary,

b.) the currents varying.

2.) A generated voltage T, .#4' = ¥.,¢' in all rotor axes assuming:

a.) the currents unvarying,

b.) the rotor conductors cutting the resultant rotor flux-density waves
with a velocity %

c.) In changing over to any machine in which one rotor layer has
moving coordinate axes, not the whole length of the previous vector
L.di</dt appears as-an induced voltage, only a part of it since the
moving observers measure a smaller di (section XIV). The decrease
of the induced voltage vector appears however as an additional gene-
rated voltage vector., That is the moving observers measure three
voltages:

1.) An induced voltage in all stator and rotor axes, assuming:

a.) the rotor conductors stationary,

b.) the coordinate axes stationary,

¢.) the currents varying.

This voltage is smaller than the corresponding voltage measured by
the statfonary observers.
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2.) A generated voltage in all rotor axes, assuming:

a.) the currents unvarying,

b.) the coordinate axes stationary,

¢.) the rotor conductors moving,.

It is equal to the corresponding voltage measured by the stationary
observers.

3.) A generated voltage in all stator and rotor axes, assuming:

a.) the currents unvarying,

b.) the rotor conductors stationary,

c.) the coordinate axes moving.

Since the currents flowing into the moving coordinate axes are con-
stants, the flux-density wave produced by them also rotates and cuts
all stator and rotor windings. Above the moving conductors are cutting
the stationary flux-lines, here the moving flux-lines cut the stationary
conductors. This latter voltage is not measured by the stationary
observers. This difference in the measured generated voltage ts equal to
the difference in the measured induced voltage.

It should also be noted that moving coordinate axes are introduced
not only by sliprings on a rotor winding, but also by revolving brushes
on a stator winding.

In analogy to its more or less dynamical equivalent, the ‘““Coriolis
foree’’ this apparently additional generated voltage may be called the
“Coriolis voltage.” Also the flux density due to the currents in the
moving coordinate axes may be called the ‘“Coriolis flux density.”

d.) From the Equation of Voltage (equ. 17) of the machine with
moving coordinate axes the induced voltage is L..di™/dt the generated
voltage is Tn:, x2™!. Each of these can be divided by their trans-
formation formulae into two components.

1.) By equ. 44 the induced voltage is

d
™kl

aC .,
axt

L

d" r L ¥aks
= L. % Cr + L,.CiC;

The first term on the right hand side is the induced voltage measured
by the stationary observers, but expressed along the moving coordinates
by Ci. The second term is the decrease of the induced voltage.

2.) By equ. 52 the total generated voltage is

. - aCE v
T, 18" = T, :CECTI"" 4+ Lex —a—'t" Cu™te . 61
x
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The first term on the right hand side is the generated voltage vector
measured by stationary observers but expressed along the moving
coordinates by C;. The second term is the Coriolis voltage, the
increase in the generated voltage.

e.) The decrease in the induced voltage is equal to the increase in
the generated voltage, that is
aC% .. 007
3 7t + L,C} o L
aCy
ox!

L..C;C,,

aC%

ort

Cr+ 0

= Lo, CTi ) = Lacgin X000 _

ox
since C"C,, is the idemfactor and its derivative is zero. Hence from
equ. 56

Coriolis voltage = &, = L,Cj 666;’2" =Bt 62
f.) The sum of equ. 60 and equ. 61 gives
di” - die . .
L'"'"Tt + T, 4™ = (L"W + I‘E,,,Tz‘z‘> Cr......... 63

which is the reverse transformation of equ. 45.

CONSTANT SPEED
XVIII. The Transient Impedance Matrix

a.) In by far the largest number of problems the speed of the rotor
is assumed to be known. In that case the Equation of Voltage is

simplified to
di#
*dt
= (Rag + Lagp + Tprat’) 18

. = Rog?® + L + T, o5

where p = d/dt. The expression in parenthesis is an important dyadic,
is denoted by Z,s and called the “transient impedance matrix’’ repre-
senting the opposition of a machine to suddenly applied terminal
voltages while its speed is maintained constant, that is

Zag = Rag + Lagp + Tarad' | oot 64
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Hence for steady speed the Equation of Voltage is

Y may be called the “admittance matrix.”” (See section XXXId.)
b.) For the representative machine with stationary coordinate axes
the impedance matrix is

d, d, q, 9,
d|ra+ Lap|  Map | — Mipb 0
Zupg = d, Mp r.+ Lgp | — L,pb 0
a 0 Lpd |r+Lep| Mp
a0 0 M po Mp 1t Lop ... .67

It should be noted that Z,.s is not a symmetrical matrix. For the repre-
sentative machine with two layers of stator and rotor windings to be
used in general work, the transient impedance matrix is given in Table L.

¢.) For any machine whose connection tensor is given by C7, its transient
impedance matrix is found from that of the above representative machine by

-— L ¥akd an a -t l
I Zaﬂ - ZﬂaCaCﬂ + L;ru ‘67 Cal ................. 68

as follows from equs. 64 and 46. If no slip-rings exist the last term
disappears and Z,s is a tensor. The torque is by equ. 19

[ Torque = Tog i |. ... ..o it 69

where Tu, ; is found from I',,, . given in Table I by the transformation
formula (equ. 55)

When the impressed voltage is a—c then p = d/dt is replaced by jo,
pL becomes jX and the impedance matrix may be called the ‘“‘steady-
state impedance matrix.”” With an applied d—c e.m.f. p = 0. Also
p@ becomes vw where v is the ratio of the actual speed to the syn-
chronous speed.
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d.) When any number and any types of rotating machines are con-
nected in any manner whatever the transient impedance of the group 1s
equal to the sum of the transient impedances of the individual units,
transformed by the connection tensor of the group C5. That is

|Zy = Zls + 205+ 204" + ...)C5CE|...n o 71

e.) Even when only the steady-state performance is desired it is
always a safe procedure to set up first the transient impedance matrix.

The transient impedance matrix Z.g gives the instantaneous voliage
appearing at each terminal due to a suddenly applied unit current at any
one of the terminals (with the speed maintained constant), while the transient
admittance matrix Y8 gives the instantaneous current flowing through each
terminal due to a suddenly applied unit voltage at any one of the terminals.

XIX. The Repulsion Motor

a.) As an example let the performance of the repulsion motor be
calculated whose connection diagram and connection tensor are given
in fig. 6. Its transient impedance tensor is

ds a
7 = de| rea + Leap M, (cos ap — sin apb)
‘= 0l My cos op | rr+ (Lracosta + L,,sin?a)p — (Lwa — L,,) sin a cos apd

If the airgap is uniform, L,, = L.; = L,, the impedance tensor simpli-
fies to

d, a
7 ds| 7w + Luap | M, (cos ap — sin apf)
“® = 4! Micosap | r. + L.p
If the determinant is denoted by D, the transient admittance tensor is
ds a
yob = d,| .+ Lp)/D — M, (cos ap — sin apb)/D
al| — Mg cos ap/D (rea + Leap)/D

b.) With a suddenly applied terminal voltage es;, = el where 1 is
the Heaviside unit function, i = es Z*™ and #* = eq, Z** or if pé
= pw
iids — €ds (Tr + Lrp)l

7sa + D(reLisa + Tsali, + M2 cos asin avw) + p?(LsaL, — M4? cos? vw
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c.) With an a—c terminal voltage eq, = e sin ot = & the steady-state
admattance tensor is

d, a
Ze8 — d.| (- +3X,)/D (— jX.n cos a + X, 8in av) /D
a| — jX, cos a/D (rea + jX,0)/D
where
D= (r.+ra+ X2cos?av — X.uX,) + j(r, Xea + raX,
+ X,.?2 sin a cos av)
hence

1% = &(r, + jX,)/D and i* = —&jX,. (cos a + jv sin a)/D.
d.) The value of T, ; is

ds a
ds 0 M, sin a/2
M, sin o/2 (Lyg — Lv,) sin a cos a/2

Paﬁ. t =

For a machine with smooth airgap Tus ¢ = Tase,: + Tads . The
torque is 2T 4 ¢ 2%, Since the steady-state torque is to be expressed
in synchronous watts the expression should be multiplied by «. Hence

Torque = (X, sin «) - [6(r + jX)/D] - [eXn(vsin a — j cos a)/D).

Each expression is a time vector due to the presence of j, hence the
products represent scalar products. Since the sealar produet (a + 7b) .
(¢ + jd) = ac 4+ bd
#XXsina(r.sina — X, cos a)
(re 41+ X2 cos’ av — XouX,)P 4 (r- X s + 14X, + X2 sin o cos aw) .2

Torque =

XX. Two Salient-pole Synchronous Machines

a.) The connection diagram and connection tensor of the group is
given in fig. 17. The transient impedance tensor of the group is found
from equ. 71. The constants of the second machine are primed.
Also 6;; — 8 = 8. Hence Z, is (since 8 = — 2%').
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For the calculation of torque

S d: q;
r _f — Mn sin « 0 — Mn
AR Mn cos a Mn 0

a.) For its steady-state performance as an <nduction motor p
= jw(l — v) and p8 = vw.

b.) For its performance as a synchronous motor p = 0 and pf = w.

2.) Schrage Motor. Fig. 8. Its connection tensor as a polyphase
motor is

d, d; d; q; q; qs
or ] =] 0 0 [—k(®—éa)| —kn
““4lo 0 e | — jett 0 | o

If (8 — a)/2=~yand (a4 B)/2=5

J a
r, +jsX,)nt 42X, siny (e — se?)n | . . )
Zap =" o J24(r1+in)si;27 7| dXan = 2] sin e
a jsX,n -+ 2X, sin ye r? 4+ X3

3.) Polyphase Induction Motor with slip-rings. Fig. 3. Its tran-
sient impedance tensor is

d, a
7 d, r, + Lp Mp (cos 8 — jsin 8)
= 4| Mp (cos 6 + ksin 6) r.+ Lp

4.). Frequency-Converter. Fig. 12. With fundamental-frequency
voltage on the slip-rings and slip-frequency voltage on the brushes
its transient impedance tensor is

a d,
a r.+ L,p (r, + L,p) (cos § — j sin 6)
d. | (r, + L.p) (cos 8 + k sin 6) r.+ Lp — j L,p#
5.) Induction Motor and Frequency-Converter connected to be used
as Phase-Advancer. Fig. 15. Its transient impedance tensor is found
simply by adding the two previous impedance tensors and multiply-

ing their sum with the connection tensor of the group according to
equ. 71. The steady-state impedance tensor of the group is

Z,,g =

<
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d, I a
d,lr, + 35X, 7sX,. 0
Zog =[] X, |t +JsX)+ (L +3X)) | ) + jX]) e
a 0 (r] +jX ) e= r +jX,

NON-HOLONOMIC DYNAMICAL SYSTEMS
XXII. The Equation of Motion of Holonomic Systems

a.) Comparing the definition of T',3 , as given in equations 12, 13
and 14 for the representative machine with moving coordinate axes and
its value given in equ. 51 and 56 for the representative machine with
stationary coordinate axes, it can be seen that T, . is not equal to
0L../dxz! neither is I, . equal to —(%)dL..,/dx! since every coefficient
of L., is a constant (see equ. 39). That is, the following important
fact should be noted:

The generalized Christoffel symbol is defined in terms of the metric
tensor L.g by equ. 11 only for the representative machine with moving
coordinate ares. For every other coordinate system its value is found by a
transformation of coordinates from equ. 46 since as yet I'ss , has not
been defined for them in terms of the metric tensor.

This is the reason why the qualifying term ‘“‘generalized’” is added
to differentiate it from the ordinary Christoffel symbol of Riemannian
Geometry which is defined by an equation identical with equ. 8 for
every coordinate system and which of course also obeys the rule of
transformation of equ. 46.

This distinction in the definition of T'ss , in terms of Leg for the two
coordinate systems is due to the fact that among the innumerable types
of rotating electrical machines there is one and one only whose coordinates
are true Lagrangian coordinates. This one is the representative machine
with moving coordinate axis having any number of layers of windings
on the stator and rotor, since in order that an axis should be a true
Lagrangian coordinate axis it must be connected to the moving conductors.
To this type belong only the synchronous machine and the slipring
induction motor provided the sliprings are taken as the coordinate axes.
It is only for these axes that Maxwell’s form of the Equation of Voltage
(derived from equs. 5 or 17)

Rusi® + L +

— L
af dt dt t .72

. d(p,, . d(Lagiﬂ) dif dL,,g
= 8 e = ] e =
€a Raﬂz + dt RaBl + dt
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is valid. This equation is not valid for any other axes since it gives
only the induced and Coriolis voltages, but it does not give the generated
voltage due to the motion of rotor conductors. Any attempt of routine
substitution fails, which immediately can be seen in case of machines
with stationary coordinate axes where dL.g/dt = i'dL.s/8x* = 0 as
mentioned at the beginning of this section.

This fact has not been recognized before and this is the reason why
numerous treatises and papers on rotating machinery start with
Hamilton’s, Lagrange’s or Maxwell’s equation of the usual form, but
use them only for the alternator with moving coordinate axes and for
no other machine. They all are compelled to analyze the complicated
physical phenomena inside of each type of machine and even in the
alternator if its moving axes are changed to stationary axes along the
fieldpole and the interpolar space, since the routine substitution, which
after all is the whole purpose of all generalized equations, fails.

b.) In the following sections TI',s, , will be defined in terms of the
metric tensor for all coordinate systems. The three matrices of Ty, ,
Ta:, v and Ty, : will be found to be defined slightly differently from the
matrices defined previously, but again the voltages and torques calcu-
lated from them are identical with those found by previous defini-
tions of Ty, 4.

Also in the next three sections all rotating machines will be con-
sidered derived from the representative machine with moving coordinate
axes, that is their connection tensor C% will be the product of the con-
nection tensor Cj given in figs. 2-17 with that of the representative
machine with stationary coordinate axes C7%. In other words C7 will
be equal to CLC7%.

XXIII. The Equation of Motion of Non-holonomic Systems

a.) Let the Equation of Motion for true coordinates be used in the
form of equ. 6 that is, let

_ i di™ da,, 1ada,, e
Ji=R,2 +amk'd7+(‘a—x7 §6x">xz SRRTEE 73

Instead of defining the term in parenthesis as I'y.,, » and calculating
its transformation formula (as has been done in section XV) let the
whole equation be transformed term by term to a new non-holonomic
system with axes ¢, =, ¢ ... by replacing a. by a..C.Ci, 2" by #C7
ete. where C is not equal to x*/oz™
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£.07 = RusCECLEHCT + anoCECE ‘%" C" + 0. CoCLE "(f%" &

+ 0040 CaCkxMme.yCm + a‘" aCm Ckz“cmx.ycn + aa‘ aCk Cax“Cm x-nd

ox”
19 0003 apvd . yvm n 1 & m n
~3% C C.zrChiC g Qat 5t 2 CaarCharCy

aC:,',
3
;aas oC, CoarCnarClh. oo 74
But
aa.,Czr“aa"("’C" cz + 2 m) = auCiaran LLCRCR) _ g
B axn
and
aC,‘, "

s
% s+ C i CY (aC’"C” + :i: "") = — aa;;:i-nC'::t'rC"

since « and & also m and n can be interchanged in this expression.
Multiplying every term by C¥ the result is

b die 80ar 1 80ay . k(aC}: _ac, ].a.,
fa = Ro.2* + aau_d? + [(‘5‘; 5 al"’>+ aa5C7Cu *aF Fye LY |..75

This is the Equation of Motion for a non-holonomic dynamical system
and this is also the form of equation that should be used for the study
of various types of rotating machines. The correctness of the formula
can be checked by replacing a..#* by 8T/a4° where T is the kinetic
energy of the system in terms of new differentials, thatis T = (3)aa.4%%°.
Hence

d (8T aT I (3C:  oC! w | OF _
d_t(ax’) + aﬁ( dan axk)c C‘Yx + "‘; = fq ....76

This is the modified Equation of Motion of Lagrange valid for non-
holonomic dynamical systems as given by Whittaker in his “Analytical
Dynamics,” with the notation slightly changed and 8F/8i° added.

It should be noted that in equ. 75 all a.s and C* are functions of the
old coordinates and in the n dynamical equations there are 2n variables.
They are the n old coordinates and the n new differentials or velocities.
The other n equations are dr° = C{dx*.
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b.) If instead of transforming equ. 73 term by term the expression
in parenthesis is defined as I's,,x and transformed just as in section XV
the result is
dz.
dt

Even though in the general case of non-holonomic systems the expres-
sion in parenthesis is not a function of the n new coordinates but of
the n old coordinates and the n new differentials, still a geometry can be
defined, the so called “non-holonomic’’ geometry in which the expression

in the parenthesis plays the role of the “‘coefficients of connection.”
Schouten defines

f1r = Rﬂr-’if'e + Are

+ <F7nn,k CuCiCE + am oC C’f,> Toxe.

0z’

9
ox

Aoy = Ton s CUCRCT + amp = Ch oo 77

so that the Equation of Motion of non-holonomic dynamical systems
becomes

e ‘% F Ao nd8 4 Rexds = fr |0, 78

XXIV. The Equation of Motion of Quasi-holonomic Systems

a.) Due to the special character of the coordinates of electrical machinery,
equ. 75 and 78 assume special forms. All L,. and C% are functions of
one variable z* which is both an old and a new coordinate and so in the
n dynamical equations there are only n unknowns, the n new coordinates.
Hence equ. 75 and 78 must be identical with the Equation of Motion
as derived in equ. 10 for any coordinate system, that is it must be
identical with

e, = Rut® + Lo de; + Tyq, 0220 ..79

Hence the generalized Christoffel symbol, must be equal in any coordi-
nate system to

’ a vk L. 1Ol
L. = (aLr, B %aL ~,> + LaClC* <"£L - )

oxY i " oxk

..80

This is the equation in which I'ay, 7s exrpressed in terms of the metric
tensor of the various machines and not equ. 11. This equation is a
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generalized form of equ. 11 and is valid for any coordinate system.
In the special case of true coordinates the coordinates & and n can be
interchanged, the last term is zero and equ. 11 is left.

b.) The first expression in parenthesis on the right hand side is the
ordinary Christoffel symbol. Its formula of transformation is the same
as that of I',, . that is equ. 46.

L..d7e/dt and the Christoffel symbol together form a tensor (see
section XV) and since the first three members of the right hand term
of equ. 75 are tensors, the last member also must be a tensor. That is,
the coefficient of i is a tensor of rank three (the ‘‘torsion’” tensor).

Tyor = LasCC ("’—”g - "’C'f)
yao adL 4 L o

arn ox*

It 1is important to note that T oye 1s skew-symmetric in v and o that is

| Toar = = Toay |oeeonmnneeannieinene. .82

Hence the generalized Christoffel symbol can be exrpressed as the sum
of the ordinary Christoffel symbol and a tensor of rank three,

l Pya,a = [7“7 0’] + T‘Y“”

c.) The Equation of Motion of rotating electrical machinery ean be
written in terms of the new symbols as

di®

' + lye, i + Thaat¥ie | ... ... 84

€, — I\)aoia + Laa

PHYSICAL INTERPRETATIONS
XXV. The Equation of Voltage

a.) The Equation of Voltage can be set up by making ¢ assume all
indices except {. Because in C% the index k also must assume any value
but ¢ the negative terms in equ. 75 disappear and the Egquation of
Voltage is

ame
oxY

o L]
es = Ru.ic + L. % 4 < + LasC2C*% ZCT‘) e, ......85

dt
b.) The value of T, ., isif vy = ¢

5
Tiae = Las E& CF 86
axt
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and if a = ¢ the value of T, is

These equations are valid for any machine with stationary or moving
coordinate axes since 7.y, is a tensor.

c.) The value of the Christoffel symbol is zero for machines with sta-
tionary coordinate axes since all coefficients of L. are constants. Its
value for machines with moving coordinate axes is:

1.) If ¥ = ¢ then from equ. 85

0Las
[ta, 0] = o ..88
2.) If a = ¢ then from equ. 85
¥, 6l = 00oneee 89
Hence in terms of this symbol the Equation of Voltage is
¢, = R,y + Lo %1'; + [ta, o]i% + Traot®dt. .o oo v n . 90

Comparing it with equ. 10
rta, s = [ta, (T] + qu .................... 91

d.) As an example let the value of I',,, be calculated for the repre-
sentative machine with stationary coordinate axes from equ. 91. Since
the coordinate axes are stationary [fa, o] is zero. T, is found from
equ. 86 ‘

1.) L,; is given in equ. 39.

2.) C} is given in equ. 28.

3.)
d’ b q,
oC} a| —siné cos 0
o' b| — cosé — sin 6
4.) Ckis given in equ. 33.
5.)
df 8 qr

?g_'gck_—.d'———o !
orr 7 ¢ | —1 0
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6.) Multiplying it by equ. 39 (that is changing in equ. 39 the column
d, to —q., the column ¢, to d. and leaving out all other columns) the
result is identical with equ. 51. That is with the new definition Ty, .
has the same matrix that previously Iy, » had.

XXVI. Summary of Voltage Vectors

Summarizing the voltages due to the presence of flux lines (defining
I'ie, - by equ. 91)

1.) Ly, die/dt = dg,/dt = ... induced voltage due to the
variation of currents.

2) lta, o] i*it = ¢,i*t = ... Coriolis voltage due to the
motion of coordinate axes.

3.) Twetott = ¢it = ... generated voltage due to the
motion of rotor conductors.

4.) T, s1°* = Yo' = ... total generated voltage. .92

Summarizing the various flur-density vectors:

L) Yot = —Yia = TDay,il? = Topt” = ... rotor flux density.
2.) 1o = [ty,a] 27 = Coriolis flux density.
3)¥ia =Vt b« =Ty 7= ... sum of the rotor and

Coriolis flux densities. | g3

Summarizing the induced voltages (if . = L.gi? is the flux-linkage
vector)

1.) Lagdif/dt = dp./dt = .... induced voltage
2.) (dLag/dt}i® = .. .......... Coriolis voltage
3.) d(L.gi®)/dt = do./dt = . ... sum of the induced
and Coriolis voltages | . . 94

The Coriolis voltage may be considered either as an induced or as a

generated voltage.
Hence the Equation of Voltage can be written in two different forms

in terms of fluxes

. d¢a 7, X
= B e :
e = Rast® + T T o 95
. dge ;
= B -
€a Raﬂl + at + \[/talt ................ 96
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‘This latter equation reduces to the form given by Maxwell equ. 72
when the rotor coordinate axes are connected to the moving conductors
gince the last term drops out.

It should be especially noted that 7?dL.s/dt can not be interpreted
as the voltage due to the motion of the conductors. It is the voltage
due to the motion of the coordinate axes, the Coriolis voltage.

XXVII. The Equation of Torque

The Equation of Torque can be set up by making in equ. 75 o
equal to ¢.

The value of —%8L.,/8x! = [vq, t]is zero in machines with stationary
axes. In machines with moving axes its value must be equal to
Lka‘,“aC',"/axa from the transformation formula of T',. . (equ. 46)
changing from stationary to moving axes, which however is zero.
Hence in any coordinate system

(The Coriolis voltage [ta,o] or [vt, o] never reduces to zero in a machine
with moving axes for any definition of [ve, ¢] by equs. 8 or 11 or 80 if
equ. 46 is used since the denominator on the right hand side is «* at
least once, unlike for the torque.)

. The value of T, is

Tyat = — LasC5 %‘3 .................... 98
Hence the Equation of Torque is
e = Ruit + Lu 00+ Touavin . .99
That is
| D, 100

Since T..t* represents the resultant rotor flux-denmsity vector o
equ. 93 the torque of all machines is due to the interaction of the rotor
currents and the rotor flux-density wave, that is

I Torque = yz7? | ................... 101
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XXVIII. The Equation of Power

a.) If the shaft coordinate is excluded, the Equation of Power is
found from the Equation of Voltage, equ. 90 by multiplying through with
the current i°

) .. di= . e s
€,1° = Repi®l® + Lyo i 10 + lta, 6] 1797 + Tiaot't®®. .. .. 102

The time rate of change of the stored magnetic energy for machines
with moving coordinate axes is (if « and B are stationary, m and n
moving axes)
dT _ 1d(LasCClim) _ i 1 dLes acCy

_*_——_L 7 4n _ ya, 8 La mn 'm'n‘¢‘.103-
a2 dt o Vg g 1 L T

The last term is the power due to the Coriolis voltage, the previous
term is zero and

aT die iaie
_(E_L”Efl + o, gl dtiere. oo 104
. . dT .
0,1° = Roel®i® + I + Mechanical Output......... 105
where Mechanical Output = Tyaoffi®i®. oot 106

Since the output is also equal torque times velocity it follows that the
Coriolis flux-density does not contribute to the torque and the Coriolis
voltage does not contribute to the mechanical output only to the
variation of the stored magnetic energy.

b.) If the shaft coordinate is not excluded the Equation of Power is
found by multiplying through equ. 75 by i°. Since —3zdL.,/dx° is
always zero

di

€,1° = Rooi®t® + Lao a 1 +

8Lao - ...

The other terms cancel. Since from equ. 104 the last two terms are
equal to dT/dt, hence
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XXIX. The Various Definitions of Tas, 4

a.) It should be noted that there are several definitions of Tz each
definition giving different matrices for Tg 5 Tar, y and Toz, , but still the
same final voltages and torques.

In defining T, 4 from the standard Lagrangian equation (sections V
and VI) there were four different definitions of T',s , according to the
definition of the Christoffel symbol with two (equ. 11) or with three
terms (equ. 8) and according to the order of the indices in defining
them as I'ny, & OF Ty, 1.

In defining Ty , from the generalized equation of Lagrange (section
XXIV) the same arbitrary definitions can be selected but even so the
three matrices of ', are different from those above.

1.) The rotor generated voltage may be defined as Ty 47* (equ. 91) or
Ta, y (equ. 51) with matrix 51 or as the sum of two matrices 57 or 58 when
defined as I'¢a, , in section VId.

2.) The torque may be defined with matrix 51 as given in equ. 98 by
T yae or with its symmetrical part, matrix 56, since the torque is a homo-
geneous quadratic form and the skew-symmetrical matrix gives zero
torque

3.) The Coriolis voltage may be defined as [t8,v] or [at,v] or [({8),v]
by equ. 8 or 11.

b.) Also it should be noted that the transformation formula 46 could
have been defined also as

oC’;

Te,» = Dpm, ;C"CTCE 4+ Ly
- 'k + Lo e

Ckoo . 109

if equ. 11 had been defined as I'n,  instead of ', ;. The definition 46
was assumed to conform to the order of the indices as given by Schouten.

¢.) For purposes of quick calculations T'ug  for the representative ma-
chine with stationary coordinate axes should be defined as given by equ. 75
since that equation defines both T'ia , and T'ya  with the same matriz 51 and
saves the calculation of different formulae for the torque and voltage. For
any other machine Tag , is found by a transformation of coordinates with
the aid of equ. 109.

XXX. Physical Definitions of the Dynamical Equations

a.) For the representative machine with moving coordinate axes
the Equation of Motion of Lagrange

d (aT\ oT , oF
a(ﬁ)—ﬁ-f-ﬁ_ﬁ ................ 110
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can be divided into the Equation of Voltage

d (aT ar
@ (6_z7‘> + i 7 111

where the first term of the left-hand member gives all the voltages due
to the presence of flux lines. The Equation of Torque is
d (T oT = oF
7 ( ) T o e 112
where the first term represents the time rate of change of angular mo-
mentum and the second term the machine torque.

b.) The physical interpretation of the generalized Equation of Motion
valid for all electrical machinery

d(oT\ _oT , oT aC{:_aC) n
az(a) a—+5;(a—x ) 0N+ =B
is different from that of the standard form. The Equation of Voltage is
d (8T , 8T 8C} i oF _
d‘;(%‘v)Jraxéa"CC T =l 114

where the first term on the left-hand member represents now only the
induced and Coriolis voltages while the second member represents the
rotor generated voltages. The extra term appears however only in
the equations of the axes stationary on the rotor. For all stator axes
and for all axes moving with the rotor the generalized equation reduces
to the standard Lagrangian form.

The Equation of Torque is

d (o) _of _ T ot
dt ort  9i® axt

The second term on the left-hand side is identically zero (equ. 97) and
the machine torque is given now by the third term. It is interesting
to note that although axis t remaines unchanged still the original equation
18 not valid for it only the generalized one.

Equ. 107 shows that the power due to the additional terms in the
generalized equation is zero. Hence the additional terms may be called
“gyroscopic forces.”

¢.) These interpretations are in conformity with the rule given by
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Appell for non-holonomic dynamical systems of various orders. These
rules are the following:

1.) For the coordinate axes that are changed the generalized equa-
tions apply.

2.) For the coordinate axes that are not changed but occur in the
transformation tensor also the generalized equation applies.

3.) For the coordinate axes that are not changed and that do not
ocecur in the transformation tensor the generalized equations reduce to
the original Lagrangian equation.

THE ABSOLUTE CALCULUS
XXXI. The Generalized ‘‘Per-unit”’ or Contravariant Quantities

a.) In connection with the analysis of synchronous machinery a
simplification is generally used to avoid the use of conversion factors.
It is assumed that the stator current is numerically equal to its flux-
linkages in the rotor, that is the rotor flux-linkage %M, is replaced in
analytical work by ¢ and M, by i“. As a consequence of this
assumption the currents and voltages are replaced by other quantities,
the so-called ‘“‘per-unit”’ quantities. For instance the per-unit stator
terminal voltage is €,4M4/r.; instead of e.q, ete.

The disadvantage of this limited assumption is that:

1.) the symmetry of all scalar equations for the stator and rotor is
destroyed.

2.) it cannot be used for other machines.

b.) In the Absolute Calculus there is a fundamental process of simpli-
fication called the “‘raising (or lowering) of indices’ which in case of
rotating machinery s equivalent to a generalization of the per-unit concept.

The resultant flux-linkages of a winding a due to all currents is
represented by L.gi?. In order to represent the resultant fluz-linkages
of each winding by the current itself flowing in that winding every operator
of the machine vs multiplied by the inverse of the metric tensor L, that s
by L*?. If the Equation of Motion is multiplied through by L, then

Lede, = Lo3Ropi? + %lt: + LTy 0Pl 116

1.) e, is denoted by €® and is called the “contravariant voltage.”
It corresponds to the expression ‘‘per-unit voltage.”

2.) LR,z is denoted by R%s and called the “mixed resistance tensor.”

3.) L=Ty, . is denoted by '}, and called the generalized Christoffel
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symbol of the “second’” kind. The notation I';,? is not used because
T}, is not a tensor. Its transformation formula is

l r1, = 13020301 + 8 0

The Equation of Motion becomes in terms of contravariant quantities

er = R + %? + 15, 0

By

e = R + ‘% + {“}Mv + Tpeitin

where {a} is the ordinary Christoffel symbol of the ‘“second” kind.

By
It can be seen that L.gdi*/dt is replaced by di=/dt in all equations and:

1.) the symmetry of all equations is maintained,

2.) the simplification can be used for all rotating machines simply by
multiplying all their operators by the inverse of the metric tensor L.g.
In calculating the contravariant operators of a machine whose matrix
of transformation is not square, first its covariant operators L,g,
I'sy. ete. should be calculated and then only its contravariant operators
I's,, R ete. (See section XXXIV.)

In the accompanying Table IV the calculated values of the contra-
variant operators of both representative machines are given.

¢.) An important physical interpretation can be given to the inverse
of the metric tensor. Let L,; denote the inductance of the stator wind-
ing along the direct axis while the rotor winding is short-circuited.
Then A = LoyL,s — M3 = L.ly. I My/L.s = v,q then L also can
be written as

d, d, q 4
d, 1/ Eed = Va/ Lsd 0 0
Lo — adr — 0,0/Lyq 1/L,, q 0 _
o 0 0 /L, | = v /L,
4, 0 0 _ vrq/Laq I/Laq ..120

The equation e,L*?
voltages as currents

= ¢f = 4P represents the contravariant impressed
in the various axes due to covariant voltages



Let A=L,ula=(M)? and B=Lygleq-(My)?

dg a " b 9.
~ &l La/A ~M, cos O/A M sin®/A 0 0
a |- Micos®/A |L,4cos’0/A +L,y5in /B |{Lyy/B-Ley/A)sin 8 cos |-M,sin/B| 0
L™ =b | Mysin6/A (Leg/B=Lyy/A)sin 0 cos 8 [Ly;sin0 /A+ Ly, c0s20/8 ~Mycos@/B] 0
9s 0 ~M,sin®/B - M,cos8/8 L/B |0
t 0 0 (] 0 /L
dy a n b %t
”d, [ rsdleg A ~ty M4 cos /A ~MyLyycos€/B 0 0
a [1,4MycosO/Al, (Lygcos" 0+Lsysin*0)/B |1, (Lsq /B-Lsa/A)SinBcos Bt Msin0/B[ O
R = b [reqMasin®/All, (Lsq /B~ Lsa /A)sin @ cosBr, (Loasin’@/A+L,qcos* €)/B -y Mocost/B| 0
q; 0 -t H‘si no/B -r chose/B sy LN/B °
t 0 0 0 0 L
d; a " b %
d ) ~MsLsy sin6/B ~MqLsqc0s6/B MM, /B

e a Mg lrg5in® [sin® cos olM/A-M2/B+ -M}sinze/A"’qucos‘o/B+(L,,- Mol scos@
A HipgLrd) s ArLse/B)] |-Lra(Lsqeos®/B-Lusin‘@A) B

A
Tt b FHaL €05 @ M cos’0/AMtsin'0/B+{L, 1 sin OcosO[My/B-M2/A = |-MiL gsin®
A Hodlsicos'®A-Lsgsin’0B) ~(Lrq-bri)(Lsa/B +L3i/A) 8

9 |- MMy /A MyLsd cos©/A ~MqLss STNO/A 0

ds 2 » b qs

s 3 M;sin®/2L My cos0/2L 0
l_,t a Mysin®/2L [ (Lya-Leg)sin® cos0/L (L q-Lvy)(cos  8-sin?0)/2L{-Mycos0/2L
mn T b [Mcos0/2L (L, dLeg)(cos*0-5in20)/2L] (Leq-Lyd)sin® cos®/L | Msin0/2L

%% 0 -Mqcos9/2L Mysin8/2L 0

THE CONTRAVARIANT OPERATORS OF THE REPRESENTATIVE MACHINE
WITH MOVING COORDINATE AXES

L"‘c q, 0 0 qu/B ‘Mq/B R:'d-- qr 0 0 f,.L"/B =¥ M1/B

d d° g o t & 4 " q g ¢

d, [LAMAL 6 [ 0 R 7 S o |o
"4 EMAL /Al 0 | 0 de[-aMAl Lia/A] 0 0 10
0

0

rjiojojlojo

q, 01 0 [M/B|L,/B 9| _© 0 [-,Mi/Bir.Lea/B
t{oj o] oo t[ o 0 o | o
g & " o 4 d 4 " q 9,
AN 0 FMaly /BIMiMy/B g 0 0 M2l [ 0
* 4| 0 O rlubw/BML4/Bl ot d.| 0 0 [(Lya-Leg2iMe
o= 9 FMiL AL L /A © 0 7 q M2l LR © 0
9 EMMAM LAl O 0 9 0 | -Mg/2L 0 0

THE CONTRAVARIANT OPERATORS OF THE REPRESENTATIVE MACHINE
WITH STATIONARY COORDINATE AXES

TABLE IV
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impressed while all axes are short-circuited. Also while the metric
tensor is the measure of the permeances of the various magnetic circuits
with the windings open-circuited, the inverse metric tensor in the measure
of the reluctances of the magnetic circuits with the windings short-circuited.
In the first case the magnetic lines follow paths with the maximum
possible permeances, in the second case they follow the paths with the
minimum possible permeances.

d.) Each term of the inverse of a dyadic as L*® is found as follows:

1.) Replace each term by the determinant formed when the corre-
sponding row and column are removed.

2.) Multiply it by plus or minus one according as the term occupies
an even or odd element counted from the upper left hand corner,

3.) Interchange the two indices.

4.) Divide it by the determinant of the dyadic.

XXXII. Absolute or Covariant Differentiation

a.) It has been shown in section XIII that the derivative or the
differential of a tensor is not a tensor. In textbooks on the Absolute
Calculus a new type of differentiation is introduced, called the “absolute”
or “covariant’’ or “intrinsic’’ differentiation, denoted by & which:

1.) always produces a tensor from a tensor as a result of the differenti-
ation that is it determines another invariant from a known invariant
by a routine process

2.) also obeys all the rules of ordinary differentiation, among others
the following rule 6(AB) = (64A)B + A(3B)

3.) as a special case reduces to ordinary differentiation.

The absolute differentials of tensors of rank one and two are:

| 84 = dA= + Tg, APdx7 |.......oooiiil.L. 121

8Aa = dAa — T1gAudzb .. ... ... ... 122

3498 = JAef + T3, A"dxd + T8, Aevdd.......... 123
6Aus = dAap — T, Agyda® — T);Aadad. ... ... 124

b.) The absolute derivative of ¢* with respect to time is

m::
at

die . dxY di®
— 4+ a B8 =" + @ By
It I‘ﬂ‘yz it It Pﬂ.rl (LN 125
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If this equation is substituted into the two forms of the Equation of
Motion the contravariant form becomes

§2*
X = * 8 —
e = Rt o | TR 126

The covariant form beccmes

. 618
ex = Rogif + Log 57 IRRRE R RERRRPR RS 127

Each term in these equations is a tensor and they express the fact
that the theory of rotating machinery during acceleration is identical with
that of stationary metworks with resistances and inductances provided
ordinary differentiation is replaced by absolute differentiation.

The tensor form of the Equation of Voltage of Maxwell is

. S,
=RaP+ 2. ... 2
afl + 5t 128

@

L.s6t8/6t also 6¢,/8t represent all the voltages due to the presence of
flux-lines, that is the sum of the induced, generated and Coriolis voltages.

c.) The absolute derivative of the melric tensor is zero. That is by
equs. 124, 82 and 8

8L ag 0L s 0La3 L3
v Toslgy — Thsla, = Y Tasg — Tgsa = Py
— (b8} — (800l — Tasg — Tooa =0..ovnvn.... 129

d.) Since the sum of L,sd?/dt and T'g,, o2%07 is a tensor, in calculating
the performance of any particular rotating machine it is not necessary
to use their transformation formulae in equs. 44 and 46. As long as it
18 not necessary to calculate separately the induced and generated voltages,
it 1s sufficient to treat each expression in the Equation of Motion as a
tensor and use the simple formula of tensor transformations (equ. 36).
This represents large savings of routine labor.

If the rotating machine has no moving coordinate axes, then all expres-
sions dre transformed as tensors.

T.s,: and the expression for torque Tug 1%t are transformed in all cases
as lensors.
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THE THEORY OF NON-EUCLIDEAN SPACES
XXXIII. Types of Spaces

a.) The theory of a set of linear differential equations is usually
analyzed in the language of multidimensional geometry. The vari-
ables are assumed to form a curvilinear coordinate system in an
n-dimensional space or manifold and the equations represent lines,
two-, three- etc. dimensional surfaces curved in an n-dimensional space.

By denying the fifth postulate of Euclid that only one line can be
drawn through a point parallel to a given line, two consistent geometries
have been set up during the last century, after two thousand years of
unsuccessful efforts of proving it. By assuming that more than one
parallel line are possible Lobachevsky, Bolyai, ete. built up the
“hyperbolic geometry’’ and by assuming that no parallel lines are
possible Gauss, Riemann, Klein, ete. built up the “elliptic geometry.”
Both geometries give as special cases the FKuclidean or ‘parabolic
geometry.” It seems that physical phenomena can be deseribed only
in terms of motions in a space whose geometry is elliptic. It is the
geometry of the various types of elliptic spaces that will be consid-
ered below.

b.) The various types of spaces differ from each other in the definition
of two all important concepts. These concepts are the “metric’’ and the
“connectron.”

1.) To compare two vectors located in one point along different direc-
tions an infinitesimal length ds (called the ‘line element’’) has to be
defined. If ds? is defined in every coordinate system by the homo-
geneous quadratic form

ds? = gapdxedxf. ... ... .. ... 130

where g.5 is 2 symmetric tensor of rank two (see equ. 3) the space is
called a “metric space,” g.s the “metric tensor’”’ and ds? the “metric.”
(The formula is a generalization of the Pythagorean Theorem for n
infinitesimal oblique axes.) If ds? is defined by a different function of
dx* the space is sometimes called “Finsler space.”

2.) To compare two vectors located at different points of the space first
it is necessary to shift one ‘“parallel to itself’’ to the other. To visu-
alize the problem let two equal vectors lie at different points on the
Earth’s surface. If both lie in north-south direction, viewed from the
Earth’s surface the difference between them 64« may arbitrarily be
assumed to be zero (after shifting one parallel to itself along a great
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circle) or any other quantity. But viewed from the outside space the
difference between them is something else, dA, a definite quantity.
The relation between the two differences is

A% = dA* + T5, AP dxr . ................ 131

where T'z., s any arbitrary nwmber system of rank three (see equs. 15
and 16). Each coefficient is a function of the variables dz® and is
called the “‘coeflicient of connection.”

c.) If T, is defined in terms of the metric tensor as

. 1/a ogys @ o
A G A PR ) S 132

the space 1s called ““Riemannian’ (see equ. 8) otherwise “non Riemannian’’
or “affine” (see equ. 80). In anon-Riemannian space a metric may or
may not be defined, also I';, may be symmetrical in 8 and v (so that

gy = I'7g) or asymmetrical. A special case of the asymmetric affine
space is the “‘space with torsion” (equ. 129). All rotating electrical
machinery are equivalent to such spaces. A special case of the sym-
metrical affine space is the “Weyl space” and a special case of the
Riemannian space is the “flat”” space for which the curvature tensor
K o5ys, defined later in equ. 157, is zero. If the line element is definite
that is if it is always different from zero the flat space is called
“Euclidean.” If in a Euclidean space the axes are oblique instead of
curvilinear each coefficient of the Christoffel symbol is zero (equ. 136).
If the axes are orthogonal the metric tensor reduces to a unit matrix.

d.) Among the spaces the only ones that can be visualized are;

1.) The one-, two- and three-dimensional Euclidean space.

2.) The two-dimensional Riemannian space (the various types of
surfaces).

XXXIV. Holonomic Sub-spaces

a.) It is important to note that the properties of a space are independ-
ent of the particular coordinate axes from which measurements are made.
In other words two spaces are equivalent if it is possible to pass from one
space to the other and back by a transformation tensor C& = 8x8/0x* and
its inverse. If however C® can not be expressed as 918/ dz* then no one-to-one
relation exists between the points of the two spaces (since no equation can
be set up between the two sets of variables zf and x=) and the two spaces
are not equivalenf. Equivalent spaces are for instance the shunt poly-
phase commutator motor, fig. 4 and the induction motor, fig. 2.
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b.) If the matrix of the transformation tensor C7, = 8x*/dx™ is not
square as above, but rectangular, then the space which has less coordinate
azes 18 said to be a ‘““sub-space’’ of the other. For instance the repulsion
motor, fig. 6 is a sub-space of the induction motor, fig 2 or of the
Déry motor fig. 7.

Among the possible sub-spaces the only ones visualizable are:

1.) The plane as a two-dimensional Euclidean sub-space in a three-
dimensional Euclidean space.

2.) A surface like the sphere, as a two-dimensional Riemannian sub-
space in a three-dimensional Euclidean space.

¢.) If in the transformation tensor CJ the number of the old coordi-
nate axes is » and the number of the new coordinate axes is m then
all the polyadics of the old space that have only covariant (lower) indices
can be assigned to the sub-space by transforming them with the aid of the
Sformulae developed in the previous pages. For instance the metric tensor
Lqs of the sub-space can be and should be defined as

Las = Lea C2C5 i 133

where the dummy indices = and ¢ assume all values frcm one to n
while the free indices a and 8 assume the values frcm one to m. The
same variation of indices applies in the transformation of T',,. All
these polyadics of the sub-space are called “induced” or ‘derived”’
polyadics.

Since the performance of many rotating machines is expressed in
terms of induced polyadies, their performance may be considered as the
motion of a particle describing a traiectory in an n-dimensional non-
Riemannian space but constrained to move upon an m-dimensional
non-Riemannian surface or sub-space.

d.) If it is attempted to transform a polyadic which has a contra-
variant or upper index, say I';. the value of the inverse of C, is required.
But the matrix of C, is rectangular and its inverse can not be calcu-
lated without a definition.

In case of non-Riemannian spaces for which no metric is defined it
is customary to form a square matrix from the rectangular matrix by
assuming additional coordinate axes outside the sub-space in the
enveloping space with n-m dimensions. For instance an additional set
of brushes may be put on the rotor of the repulsion motor, fig. 6 (and a
winding on the stator quadrature axis) but they would remain perma-
nently open-circuited. Then the new transformation tensor of the
repulsion motor would be similar or identical with that of the shunt
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polyphase commutator motor, fig. 4, it would have an inverse and all
“induced”’ contravariant polyadics could be calculated. Their value
however depends on the position of the additional axes.

e.) In electrical machinery the representative machine has a metric
tensor L,, and so the sub-space has an induced metric. It seems
obvious to define derived contravariant polyadics for the sub-space simply
by raising indices with the aid of L*f, That is T's for the sub-space is
defined as T.g,L°.

The above definition of T'}; may be taken also as the definition of the
inverse connection tensor C; corresponding to the formula

Mg = T35, CoC3CT = (Trou CLCECH) L3 = (T'5, Le,) CLCECHLMY

which shows that the above definition of "4 is equivalent to the follow-
ing definition of the inverse connection tensor

C7 can be taken as the inverse of C; since
CiC: = CiCy Ly b = Loy =087 .. .......... 135
where §7 is a unit matrix with m unit coefficients in the diagonal.

XXXV. Non-holonomic Sub-spaces

In many cases in which the number of new coordinates is less than
the number of old coordinates the transformation tensor C7 can not
be written as 9z7/dx*. Such a case occurs for instance in the single-
phase alternator fig. 3 where axis b should be removed. (In general
moving coordinate axes form non-integrable transformation tensors.)
Lately the expression ‘“non-holonomic sub-space’” has been introduced
to denote the restricted positions of the particle.

For both types of sub-spaces with each point of the n-dimensional
space there is associated an m-dimensional infinitesimal surface element
and the particle must leave that point along the surface element. But
while in a true sub-space the surface elements may be combined to form a
Ffamily of surfaces so that the particle can never leave the particular surface
it happens to be on, in a non-holonomic sub-space the surface elements
can not be combined into a surface and the particle may pass from any one
point of the n-dimensional space to any of its other points.

To visualize the problem, in a repulsion motor, fig. 6 which is a true
two-dimensional sub-space in a three- (or four-) dimensional non-
Riemannian space no current (or rather no charges) can flow along
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axis b, at right angles to axis . In a single-phase alternator where the
axis a is rotating no axis can be assigned in which no current (no charges)
could flow. Hence the single-phase alternator is a two- (or three-)
dimensional non-holonomic sub-space of a four-dimensional non-
Riemannian space, that is of the representative machine with stationary
coordinates. (It happens that it may also be considered as a holonomic
sub-space of a four-dimensional Riemannian space, the polyphase
alternator, or also as an independent three-dimensional Rieman-
nian space.

It should be remembered however that in case of electrical machinery
the enveloping n-dimensional space need not be considered even in case
of non-holonomic sub-spaces. Every m-dimensional sub-space, holo-
nomic or non-holonomic, 7s in its own right an m-dimensional non-
Riemannian space since the new coordinates, even though they are non-
holonomic, can be calculated immediately from the dynamical equations.

XXXVI. Spaces with Infinite Dimensions— Hilbert Spaces

a.) If the number of the new coordinate axes m is larger than the
number of the old coordinate axes n, for instance in case of the fre-
quency converter fig. 12, than the same equations of transformations
may be used as previously with the tacit understanding that certain
quantities are neglected.

To visualize the problem if three sets of axes at 120 degrees apart
exist on the armature of a three-phase salient-pole synchronous machine
instead of two at right angles then zero phase-sequence waves exist
inside the machine (which may be considered as third-harmonic space
waves). However the metric tensor of the representative machine
given in equ. 3 does not contain zero phase-sequence reactances, hence
the final equations give only a first approximation to the actual phe-
nomena, A second approximation could have been made if the repre-
sentative machine itself would have had at least three coordinate axes
on each rotor layer, since then zero phase-sequence reactances could
have been incorporated in the metric tensor.

That is a more general representative machine has more than two axes
on each winding and the representative machine of section IV is a
sub-space of this more general representative machine.

b.) In the representative machines of this paper there are two axes
of magnetic symmetry assumed on the stator. In actual machines
each stator and rotor tooth and slot is also an axis of magnetic sym-
metry, hence to each of them a coordinate axis may be assigned.
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Since the windings are distributed in slots the magnetomotive force
wave introduces additional harmonic waves in unbalanced phase wind-
ings ete. so that the most general representative machine must have an
infinite number of coordinate axes representing a space with infinite
number of dimensions, some axes being stationary, some moving with
the rotor and some rotating with odd speeds. Such cases have practical
importance especially in squirrel-cage induction motors of smaller sizes
where the harmonics are known to distort the ideal performance beyond
recognition in many cases. It is intended to undertake the systematic
dynamical treatment of such generalized systems with infinite coordinate
axes in some future paper.

XXXVII. Euclidean Spaces

a.) If the speed of the rotor is assumed to be constant the Equation
of Voltage (equ. 17) -can also be written as

dif

€y = Z,,ﬁ’i‘g = (Raﬂ + I‘gg,a’it) #+ Laﬂ 7’7 ...........

where the terms in parenthesis are equivalent to resistances. Since
the coefficients of connection are zero, the sudden short-circuit per-
formance of rotating machines with the speed maintained constant can be
represented by the motion of a particle in an n-dimensional Euclidean
space with oblique cartesian coordinate axes just as if the rotating machines
were stationary networks.

b.) If the rotor is assumed to be stationary then in the above equa-
tion Tg.t%” is zero and the transient tmpedance tensor Z.s becomes sym-
metrical. Such stationary electrical apparatus are the transformer,
induection regulator ete.

The transient impedance tensor of the single phase transformer is

P S
7. - Pl_n + Lip Mp
8 8 Mp 7‘2+L2p

The transient impedance tensor of the three-circuit transformer is

a b c
a| 7a+ Lap Maup M.p
Zag = b Myop 76 + Lep Myp
¢ M.op M ap re + Leep
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Similar matrix structures can be set up for other stationary electrical
apparatus also, such as vacuum tubes ete.

When resistances, inductances, transformers, vacuum tubes ete. are
connected with rotating machines in any manner whatever each unit
is considered as a rotating machine or better said each rotating machine
is considered as a simple impedance.

¢.) With steady a-c voltages impressed at the terminals the variable
i* assumes complex values in each axis. The study of such spaces is
outside the scope of this paper.

HUNTING
XXXVIII. The Equation of Small Oscillations

Let an <nfinitestmal disturbance de* (infinitesimal terminal voltage or
shaft torque) be applied to any machine while it is either accelerated or
is in a uniform motion. Then the Equation of Motion (equ. 126)

ag L B, .
e = Rgf 4 @ T'5,1P07

changes to

d(i* + di=)

de* « « . .
e* + de +5—x—ﬂdx5= (R*s + dR%) (# + dif) + e

+ (T5y + dl'g,) (8 + dif) (o7 + di).

If the Equation of Motion is subtracted from it and all products of
infinitesimals are cancelled, the Equation of Small Oscillations in con-
travariant form is

der + 22 4ot = Reydif + dR% + d(d’ )

+ T3, di% + Tg,Pdi 4 dTg,%v | 137

In covariant form it is

d(d’ ) 4 dL

+ Tsy.ad?P0Y + Tgy,at?di” + dTs,.41%7

de, .
o dxf = s+
de, + Py dz R sdi Lag "5 dt .. 138

Equ. 137 is equivalent to

dex = d(R% %) + d( ) +d(Tg, ). ... 139
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or to

des = d(R% ) + d(%’) ................. 110

XXXIX. Physical Interpretation

a.) The Equation of Small Osecillations also can be divided into two
component equations, the Equation of Small Voltages by allowing the
free index « assume any value but {. (The definitions of section VI
a, b, ¢ are followed)

d(dl )

deq + ae“ 5 2% = Rug dif + Las + dL + Tot, o« diP 7!

aﬂ d
+ Da, o P det + dPﬂ[, BT 141

In terms of physical space vectors the equation becomes
des + g%‘;dxﬁ Ropdif + dd% Fd ot adit 142

The Eguation of Small Torques is found by allowing « assume the
value ¢ only

d(dz)

deg = Ru dlt + L” + Pﬁy tdlﬂ LY + Fga, zlﬁ diY + dI',g, g?ﬁ 17..143

In terms of space vectors the equation is

d(d1 )

de¢ = Rn dL' + L“ + d\l/-, 117 + ¢7 tdl‘y ......... 144

b.) At the instant of disturbance two sets of vectors can be differentiated
inside the machine:

1.) the original vectors that exist before the disturbance satisfying
the Equation of Motion (equs. 34 and 35) and are given in section XI

2.) a set of infinitesimal vectors representing changes in each of the
above vectors.

c.) Some of the vector changes can be divided into two componerts.
Among the voltages:

A.) the change in the generated voltage vector can be divided into

1) ¢, dit = Tg, o28dit due to the change of speed and the original
flux density y:, .

2.) dYy alt = Tpyodifit + dlg, %' due to change of ¢, . and to
original 7*

B.) the change in the torque vector can be divided into:

1.) ¢,, v = Ty, #Pdi* due to change of current and to original ¢, .
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2.) dy,, a7 = Tg,,.difi" + dlg,, 2% due to change of ¢, . and to
original current.
Among the fluxes:

A.) The change in the flux-linkage vector de., = d(L.g?) can be
divided into #*dL.s and L,sd:?

B.) the change in the rotor flux-density vector dy,, ; = d(T's,, #°) can
be divided into dTg,, 2% and Ty, (di?

C.) the change in the Coriolis flux-density vector is (¥, — ¥, ¢).
In the equations occurs only dy . = d(I's, «i®) = dTgs, o2 + Tge, odi®.

To each of the six flux changes corresponds a change of voltage or
torque. The three changes due to dL.s dI's,: and dTs, . can be
measured only by the moving observers. Hence for a machine with
stationary coordinate axes the Equation of Small Oscillations reduces to

dif
aﬂ?t

A more detailed physical discussion is given in the previous papers.

dea - 20528 = R+ Lup 22 4 Ty o917+ Ty o0 div 145

XL. The Motional Impedance

a.) Let any machine with stationary coordinate axes and without
sliprings be considered. If at the instant of disturbance the machine
is in equilibrium, that is if all its currents are known, the Equation of
Small Oscillation, equ. 103 can be written as

dea = (Raﬂ + Laﬁp + Pﬂ‘y. aiy + F'yﬂ, ai‘Y)diﬂ.

The expression in parenthesis is a tensor of rank two Z.s called the
“motional impedance tensor’’ representing the opposition of a machine
to a suddenly applied infinitesimal terminal voltage or shaft torque,
allowing its speed also to vary, that is

' Z_ag = Rag + Lagp + Tgy, o + [ys a2 ! .......... 146

Comparing it with the “transient impedance tensor’ Z,s equ. 64, it
is found that Z.s is only a special case of Z.s, that is

Zoapg = Zag + Tay, 37 + Toyp, a8 + Tog, 87 147

Z .3 differs from Zag only by an extra row and column corresponding to the
additional axis t.
The Equation of Small Oscillations becomes

from which dé# is found as de,Y'*# by calculating the inverse of Z.g.
For the representative machine
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6%1"

dp + 4 0 P b — PTapl — | "W 02 + "L 2 0
"I b — dre 4 d® W 9d° W 0
Pt + CT — 2T 2| AW A’ 4 44 od g 0
"Wl = (T — P1) a? 0 gdrq — - L drpy
PI w0l 0 gdr i — drpy arr + P
? b /] “p P
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For any machine or groups of machines with stationary coordinate
axes Z.s is found by equ. 68.

b.) If the machine has sliprings or revolving brushes, but the coordi-
nate axes are still assumed to be stationary, equ. 145 becomes

ey = Zagdi® — g_i;; dt = (Z',,,,p - %) dzb. . ... .. 150

and the dyadic in parenthesis (not a tensor now) is the motional
impedance. In actual calculations the form of the matrix may be
simplified by assuming all currents di?(8 = d;, ¢s, ¢r, d;) and dz* as
unknowns. For a salient pole synchronous machine this simplified form
of motional impedance is (where e¢;, = esin (6, — 0) = esind, e,, = €
€0s & hence des,/0zt = —e cos b and de,,/dx! = ¢ sin d).



et

d(@d1+4 | o QIS — & (PP gt — PPyt —) | €8002 + & (" Wasd + ") 0
"Wk — arsq 4 2 a’p 6¢° W 0
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The currents, torque ete. calculated by this dynamical method check
term by term with the expressions given by Park for the salient-pole
alternator.

XLI. The Criterion of Dynamic Stability

if the coefficients in the motional impedance matrix of a machine
are all real numbers (as in case of the salient-pole synchronous machine)
an arithmetical method can be set up to investigate whether a ma-
chine will return to its former equilibrium position if it is disturbed
by any cause whatever.

The determinant of the Motional Impedance Z.s has the form

D=ap”+ap"™ '+ ... 10+ Qoo ... 152

If all the real parts of the roots of the Determinantal Equation

are negative, each current is of the form Ae( = /¢ a]] currents and
speed variations will die out eventually and the machine is dynami-
cally stable.

In order that the real parts of all roots should be negative, the
coefficients of equ. 110 must satisfy the following conditions set up
by Hurwitz.

1.) All the coeflicients a,, @, ... must be positive.

2.) All the following n determinants formed by the coefficients must
be also positive

10305, . . .Aoxy
Aolaly Aor—2
A= |0 amas dsr_3
0....... 1475 154

where \ varies from 1 to n.

THE CURVATURE TENSOR
XLII. Variable Character of the Equations of Oscillations
a.) A very important property of the Equation of Small Oscillations
(equs. 137 or 138) should be noted as opposed to that of the Equation

of Motion:
1.) No term of the equalion is a tensor.
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2.) No combination of terms can be set up that are tensors.

From these facts it follows that in case of machines with moving
coordinate axes each term must be transformed by a more or less compli-
cated transformation formula. For instance dI'g,?i* is to be trans-
formed by

aré, i = d(rg,CfC;Ci + %% Cf,) PC5CY = l:(dr;,) cherc?
oY
+ T%,dC5CICE + 15, C%CIC8 + 15, CCTdCT + aig;, dz"C?
+ 2 dc,:] PO 155

b.) However the Equation of Small Torques (equ. 143) is a fensor
equation. The first three terms are evidently tensors and it will be
proved now that the sum of the last three terms, representing a change
in the machine torque, is also a tensor, that is both the stationary and
the moving observers measure the same change of torque, which of
course must be true from physical considerations also. By equations
42, 55 and 155, since C! = unity

Tsy, A5 + Ty, 0Bdi” + dTg,, 2527
= T, .L5C) (di"C8 + 37dC?) i*CY + T, L 5CYi7CE (di*CT + dC7)
+ dTo, L 5CYieCoiCY + Ta, dC5CLi7CLi*CT + Ta, € 5dChi7CECY
= (er,tdivif + I‘vt,tivdir + dror,tivif)
+ Ta, C3C7 (C3dC8 + dC3CE) 4 T, C5CE (CLdCT + dCCY).
The last two expressions are zero since the terms in parenthesis are
d(CsC% = d(1) = 0.
c.) It s desirable to set up the Equation of Small Oscillations in a tensor
or tnvariant form, that is tn such a form that it should be possible to pass
from one coordinate system to the other by the simple transformation

formula of tensors (equ. 36) instead of complicated formulae such as
equ. 55.

Referring back to section XXXVIII and to equ. 140 the Equation of
Small Oscillations was found from the Equation of Motion by taking
the differentials of each term, that is by

des = d (R*#%) + d(%—)
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This form suggests that an invariant form of the Equation of Small
Oscillations can be found by taking the “absolute”’ differential of each term
instead of the ordinary differential. That is

se = § (R%5%%) + 6 (%) ................. 156

d.) It is necessary to have on the right hand side 8i (or rather dz®)
as the independent variable. Hence it is necessary to change

1.) the tensor 8(622/8t) into the sum of two tensors so that one of the
tensors should be (5/6¢)5:*

2.) the tensor 8(R%s?) into the sum of two tensors so that one of the
tensors should be R85,

XLIII. The Generalized Riemann-Christoffel Curvature Tensor
a.) In order to find the difference between 3(5:%/6f) and (3/8t)5¢* let
each be developed in its component parts.

d1* d1e « 07P die o g a 34
5(—62) = d<§t‘> + Pﬁ,},—é—tdlﬁ = d?l{ -l—dI‘B,zﬁl" + F57d1321

8
+ T35, #div + TS, dT;t—dx" + 15,18 isda
5 d_. d,. . drg i
O sim = & gie 4 1o_sitir = & die + Ly sy 4 pe O g
&62 dtéz + T'g, 6% a® + i ¥dx + T3, Qi dx

+ I, #div + T'§,difir + ', T8 dedars

62.& 6 X _aI‘a apa a a . o
6(57) B B_tala = ( axﬁva - 3_7:56 + I'MI‘Q‘, - uﬂ;,) Piddx.

The expression in parenthests is a tensor of rank four, vs denoted by
K. ;> and called the “generalized Riemann-Christoffel curvature tensor”
or shortly ‘“‘curvature tensor.” It plays a fundamental réle in finding the
conditions of integrability of a set of linear differential equations. That is

ar'g d
K e = =22

T's « «
Py 6;{’+I‘MI‘25— ] A7 U 157

Hence

sie\  8(50%) .
5(3{) — =5 = Kisprtde | 158
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b.) The difference between §(R*s?) and R%s¥ is (6R%s)7*. But by
equ. 123.
5(R‘<zg>2.ﬂ = B(L“'YRWI)’L'B = (BL‘”)R.,BZ"’ + L“V(ﬁR-yg)’l.B
= (dL*v + LT . dx¢ + L*T? dx¢) R4 + Loy (— T
— T'3.R,,) #da
N o oL~ )
= (F)\‘YR)\B — R )\I‘Q.y + WRxp) Bdxr.
The expression in parenthesis is a tensor of rank three, is denoted by

R, 3 and can be called the “resistance tensor of rank three’ to differ-
entiate it from the resistance tensor of rank two R.s. That is

R [ — aLa)\R I\a R)\ _Ra I\)\
L vy w+IX,R Algy

| 8 (R — Resbt® = Ry, |.............. 160

XLIV. The Equation of Small Oscillations in Invariant Form

a.) If equations 158 and 160 are substituted into equation 156 the
Equation of Small Oscillations becomes in terms of contravariant vectors

sex + %gdxﬂ Rewi® + 5_(131_) + K, 3°0fda + R ifdz |. 161

In terms of covariant vectors it is

deq 6(62 )

deq + 50 dxf = R,501® + Lag

+ Ksygat®Pdx? + RygatPda

In the equations 87 can not be replaced by (6/6t)dz*. The two expres-
sions are not equal due to the asymmetry of I'z,,.

In terms of ordinary differentials equ. 161 becomes (if the disturbing
force 8e® is left out and only the free variation of e* that is (5e>/dz)dx?
is considered)

dex + T'5,efdz” = d(R°xP) + T5:RsiPdx? } 6(R%i)
+ Tg,efdry — DGR gifdat + d(di=) /dt + T'§difer + I‘§7iﬂdi‘/l 5(5i%)
+ (8r§,/8x> + I'5el'y, — T'%,Ths) Bbda ] oot

+ (8T%/027 — aT'%,/0r% + T5, T — TEL},) #idry } K poibitday. . 162
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It can be seen that the equation in invariant form consists of the previous
equation 137 with additional terms added and the same terms subtracted.
In equ. 137 the terms could not be grouped to form tensors but in the
presence of additional terms representing hypothetical voltages and
torques groups can be formed so that each group of terms is a tensor.

b.) In calculating all the possible coeflicients K ;. ;* the following
should be noted

1) K;;32 = — K, ;5 This is the only skew-symmetry that occurs
in the generalized curvature tensor.

2.) aisalwaysi. That is the curvature tensor is zero in the voltage
equation,

3.) Either é or v is ¢, that is only K, ;* and K, ;' exist where also
K,;;3'= — K,;,s". Henceall possible coefficients can be represented in
a matrix form K z* where only v and 8 vary. All the other (n* — n?)
coeflicients are zero.

Hence the Equation of Small Voltages in invariant form is

8(84%)
ot

de*

sex + e daf = R%0iF + + R, 3fdx. .. ...... 163

and the Equation of Small Torques in invariant form is

8(879)

det = Rttéz‘ + 3

+ K, 5tP#dey + R, jPder. . ... ... 164

XLV. Ricct Tensors

a.) In general T'z, is a function of all the variables and it can be
differentiated with respect to all the variables. In the analysis of
rotating electrical machinery however I'g, can be differentiated only
with respect to «* = 6, since it is a function only of 8. Due to this
restricted variation, in calculating any coefficient in any coordinate
system it is found that two of the terms in equ. 157 is always zero, that is

K...g —_ aré‘)‘ t A
= = S TR 165
and
ar
Kt = a;‘ e S 03 & T 166

b.) In going over from one coordinate system to the other by a non-
holonomic transformation, for instance from K;,.* to K,;.", the right
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hand side of the above equations does not behave as a lensor, that is the
transformation formula of K; ;¢ is

texw

R ¢ t n
T! T — ag;; = (r,z,,r,';, _ "’g;) cmCr — T, "’aiz cr. . 167
or

Kiii' = Kigil — Thy 22 0
oxt
Similar relations hold true in the corresponding terms of §(5:%)/ét.

Certain polyadics, among them the curvature tensor, that behave as
tensors if the transformation is holonomsc, loose their tensor character if
the transformation is non-holonomic. Such tensors are called by Dienes
“Rucct tensors.” It can be seen that the tensors that appear in the analysis
of infinitesimal displacements (hunting) lke K;.z* and 8(52%)/6t are
Ricci tensors.

c.) However their sum is always a true tensor, which can be seen from
the following considerations by reference to equ. 162,

1.) The last three terms of equ. 162 belonging to K ;* are cancelled
always by a similar expression belonging to §(57%)/dt, that is the sum of
the two sets of expression is always a so-called null-tensor with all its
coeflicients zero.

2.) The remaining expression aT'},/dz! belonging to K;;;* always
forms a tensor with the terms I'},di% + T'},78ds” belonging to 3(3:%)/5¢
as is proved in section XXXVIII b.

Hence if the values of K., 4%i%fdz” and §(82%) /6t are calculated for any
coordinate systeth, their value can be found for any other coordinate
system as if each of them were tensors. This procedure is similar to
that followed in the calculation of the Equation of Motion in finding
separately di®/dt and T'z,#%" as if each of them were tensors (sec-
tion XXXII d).

XLVI. Caleulation of the Curvature Tensor

a.) For the representative machine with moving coordinate axes the
coefficients of the curvature tensor as calculated from equ. 165 are
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The difference between equs. 170 and 171 ought to be-according to
equ. 167

ds (lr q, q,

e acs o = d | — Md/Q( (Lyy — L) /2 0 , 0
T T 0 (Lra = L:)/21 — My/2|. 172

The sum of equs. 172 and 171 is actually equ. 170.
¢.) The coefficients of R.s, are too lengthy to be published here.

DIFFERENTIAL GEOMETRY

XLVII. The Geometry of Holonomic Dynamics

a.) In a Riemannian space there are two lines of great importance.
They are:

1.) the geodesic line (the tangent to the curve is always “absolutely”
parallel to itself). Its equation is

d*xe {a} dxf dxv

[

dst | \By ds ds

2.) a line at an infinitesimal distance from a geodesic line. Its equa-
tion is

8% (dz=)
os?

5 b
+K,;;;3“C£€]idm=0‘

ds ds

b.) The set of differential equations of holonomic dynamics that are
derived from the Equation of Motion of Lagrange can be considered as
representing a particle describing a trajectory (path) under the action
of a force f* in an n-dimensional Riemannian space. The equation of

the trajectory is
d*ze a | dzf dxv
f_Fz?Jr{Bv}d_tTt ................. 175

The effect of a sudden infinitesimal disturbance is to foree the particle
into a path infinitely close to its previous path. Eventually this new
path may diverge by a finite amount from its undisturbed path. The
equation of the disturbed path (as given by Synge) is for a Rieman-
nian space

8*(dx)
612

dx® dxf dex
| cee t o 8 —
KB’Y <] dt dt dx7 6(Cﬁ dx 0 ......... 176
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This equation also can be written as

5 . dx= dx® daf de*
he rrea@ TV O —_— . 8 —
6t6 % +K; i dz 5 dx 0......... 177

since 6(dz) is interchangeable with d(6z%) in a Riemannian space.

c.) If it is assumed that the particle is subjected to a frictional force
proportional to the velocities along the various axes, the equation of the
trajectory is

v _ pa 078 | d’ze a | drf dxv
Fr=R Gt {m}?ﬁﬂ

and the equation of the disturbed path is (replacing 6(R%s%) by its two
components)

-

6  dx- . dx® daf dxf dzrf  dex
- atad a 7 a_ " @ — 8 =
6t6 Py +Kjyp T dx"+ R, 4 7l dx"+ R 5 r _—6xﬂdx 0|.179

d.) These equations are identical in form with the Equation of
Motion and the Equation of Small Oscillations developed in the paper
except {§,} is replaced by I's,. Since in the equations of theé machines
I';, is asymmetrical, the analogous dynamical problem can be stated
as follows:

The equations of rotating electrical machinery during accelerations are
identical with the equations of a particle moving in an n-dimensional non-
Riemannian space with asymmetric connection acted upon by a positional
Jorce and opposed by a frictional force proportional to its instantaneous
velocity.

XLVIII. The Geometry of Rotating Electrical Machinery

a.) The line-element of the surface on which the particle moves is
defined as

ds? = LagdadzP. ... ..o, 180

As long as the metric tensor of the surface Las and the coefficients of
connection T',s, , are defined in any arbitrary manner, 7t is not necessary
to know the relations between the variables x2. All (metric) properties of
the surface and of vectors on the surface in the neighborhood of a point
can be studied with the aid of the two sets of quantities L.g and Teg, 4
one having n? the other »® terms.
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b.) The projection of the instantaneous position of the particle along
the curvilinear coordinate axes represent the total charges that passed
through each winding,

The unit tangent vector to the trajectory is

The projection of the velocity vector along the coordinate axes repre-
sents the instantaneous currents flowing in each winding. The magni-
tude of the velocity vector is

a ﬂ
dsﬂ_L dze dx

2 = T m
M A T T

That is the square of the velocity vector is equal to twice the kinetie
energy stored in the machine at that instant.

d.) The acceleration vector e* can be divided into Rs# which is in a
general direction and into §2%/8t

6;: d()‘ 2 4 ps A = (d” A 4 2 >+ IS NN = %’xa+ *hus
where
e = B Lpaae =N 184
ds ds

hue is the “first curvature vector,” u~ is the “principal normal’’ and &
is the “first curvature.” Hence the voltage vector 8§:/6¢ (acceleration
vector) due to the presence of flux lines lies in the plane of A® and u=

e.) The power is represented by the produet of the acceleration vectors
and their projection along the velocity vector A= Since the power
represented by Tog,i%%7 is zero (equ. 107) the generated voltage vector
due to the motion of rotor conductors and the torque vector must lie
in a plane perpendicular to the direction of motion that is to A=,

Hence the product of 87%/8t and its projection on A* gives dT'/d¢ while
the produect of e* and its projection on A\* gives the power input.
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* 1) It is interesting to note that all physical space vectors actually
existiig inside ‘of all machines at each instant (current-density, flux-
density, voltage) are represented geometrically by vectors located in
an n-dimensional space or upon an m-dimensional surface in an n-dimen-
sional space (velocity, acceleration). The space or surface itself is
represented by the charges that do not form a space wave inside the
machine. Also all the properties of the space itself and of the machine
can be investigated if the metric and the coefficients of connection are
given, the particle and the machine are at rest and no vectors appear
in the space or inside the machine. Vectors do appear in the space and
inside the machine only when a voltage is applied to the machine and the
parttcle begins to move under the action of a force, the veetors showing the
1nstantaneous velocity, and acceleration of the particle. The manner
of the motion of the particle of coutse depends on the type of the applied
forces but the characteristic properties of the space itself in which the
motion is described are independent of the applied forces, they only
depend on the metric and connection.
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Vetenskaps Akademien. Handlingar Nr. 99. 1930.
Basilewitch: To the problem of general theory of electrical machinery.
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This paper emphasizes certain little known aspects of Einstein’s general theory of relativity.
Although these features are of minor theoretical importance, their understanding and use can
lead to the generation and contro] of gravitational forces. Three distinctly different non-
Newtonian gravitational forces are described. The research areas which might lead to methods
for the control of gravitation are pointed out and guidelines for initial investigation into these

areas are given,

INTRODUCTION

F INSTEIN'’S general theory of relativity pro-

- vides a number of ways to generate non-
Newtonian gravitational forces. Theoretically,
all of these forces could be used to counteract
the gravitational field of the earth, thus acting
as a form of antigravity. The three outlined here
were probably known by Einstein before he
published his paper on the principle of general
relativity in 1916." They were first specifically
derived by Thirring® in 1918, and since then have
been contained in nearly every text on general
relativity.*—5

Although non-Newtonian forces are well known
to the theorists in general relativity, they are

little known to those outside the field, and it

was for this reason that it was felt that a simpli-
fied discussion of these unusual gravitational
effects would be of interest to the nonspecialist.

The equations of general relativity not only
predict the usual radial Newtonian gravitational
force behavior of a stationary mass on a station-
ary test body, but they also predict that a moving
mass can create forces on a test body which are
similar to the usual centrifugal and Coriolis
forces, although much smaller. In addition, when
the general relativity field equations are linear-
ized, they result in a set of dynamic gravitational

* This paper was submitted as an essay to the Gravity
Research Foundation in 1962 and received the Second
Award.

LA, Einstein, Ann, Phys. (New York) 49, 769 (1916);
see also A, Einstein, Principle of Relativity (Dover Pub-
lications, Inc., New York, 1923).

2 H. Thirring, Z. Phys. 19, 33 (1918); and 22, 29 (1921),

3 C. Maller, The Theory of Relativity (Oxford University
Press, London, 1952), pp. 3171f.

1. Weber, General Relativity and Gravilational Waves
(Interscience Publishers, Inc., New York, 1961), p. 160.

5 J. Landau and E. Lifshitz, The Classical Theory of
Fields (Addison-Wesley Publishing Company, Inc., Read-
ing, Massachusetts, 1959).

field relations similar to the Maxwell relations.
Thus one can use intuitive pictures from electro-
magnetic theory to design theoretical models.
Whether the effects predicted by the linearized
theory really exist, will, of course, have to be
checked by repeating the .calculations with the
nonlinearized field equations.

The essential point is that all of these unusual
forces create accelerations which are independent
of the mass of the test body and the forces are,
therefore, indistinguishable from the usual New-
tonian gravitational force. \

NON-NEWTONIAN GRAVITATIONAL FORCES
Effect of Rotating Masses on Stationary Bodies

By using Einstein’s general theory of relativity
for a rotating system of masses, it can be shown
that in addition to the usual Newtonian term,
the gravitational scalar potential contains terms
which arise from the rotation of the body. One
of the shapes which has been rigorously investi-
gated is the rotating massive ring.?

For a massive ring rotating in the x-y plane,
the non-Newtonian acceleration on a stationary
test body near the origin is approximately

#= (MGu?/2¢2R)x,

j= (MGw*/2¢R)y, (1)
and
t=— (MGw*/c®R)z.

Where M and R are the mass and radius of the
ring, « is the angular velocity, G=6.67X10~1
m?/kg-sec” is the Newtonian gravitational con-
stant, ¢ is the speed of light, and x, ¥, 2 are the
coordinates of the test body with respect to the
origin of the rotating mass, From these equa-
tions it is evident that the rotating mass not only
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F16. 1. Non-Newtonian component of acceleration on a
test body below the center of a rotating massive ring.

forces the test body away from the axis in an
imitation of centrifugal force, but also pulls it
upward into the plane of rotation as shown in
Fig. 1.

Effect of Rotating Masses on Moving
Bodies

It has been pointed out that a rotating mass
will exert a force similar to centrifugal force on a
stationary test body; also, if the test body is
moving at some constant velocity v, it will
experience an additional force which is propor-
tional to the cross product of the angular velocity
of the rotating mass and the linear velocity of
the test body. The additional force can be com-
pared with two others: mechanically, it acts
like a very weak Coriolis force; electrically,* ¢
it acts like the gravitational equivalent of the
Lorentz force on a charged particle moving
through a magnetic field.

One of the shapes which has been investigated
is the rotating massive spherical shell. The ac-
celeration on a test body moving with a velocity
v inside the shell is approximately*

£=(GM/3¢R)[ 4w — 8wy, ],
§=(GM/3¢R) [{uly+8wr.], (2)

and

2= — (8GMuw?%/156R),

where v, and v, are the x and y components of
the velocity of the test body and M and R are
the mass and radius of the spherical shell. The
first term in each expression is the centrifugal-
type force on a stationary test body described
in the previous section. The second term in the
x and y components of the acceleration depends

¢ Robert L. Forward, Proc. IRE 49, 892 (1961).
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F16. 2. Non-Newtonian component of acceleration on a
test body with a velocity v, at the center of a rotating
massive sphere.

upon the velocity of the test body as shown in
Fig. 2.

Effect of Accelerated Masses on
Stationary Bodies

In employing Einstein's Theory to investigate
the effect of a large accelerated mass on a small
test body, it is found that the accelerated body
drags the test body along with it. The exact
equations are*

¥=V(GM/R)+ (4GM/c*R)a
+@GM/c)(a-R/R)v.  (3)
=F1/m—I—F2/m+F3/m,

where M, a, and v are the mass, acceleration,
and velocity of the large body, respectively, and
R is the distance from the small body to the
large body. In addition to the usual Newtonian
attraction, the test body experiences forces in
the direction of the acceleration and the velocity
of the large body as shown in Fig, 3.

v

F16. 3. Forces on a test body near a massive,
accelerating, moving body.
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CREATING NON-NEWTONIAN GRAVITATIONAL
FORCES

Devices Using Moving Masses

The equations in the previous section contain
two common factors. One is the Newtonian
gravitational field,

GM /7~ (4x/3)Gpr, (4)

and the other is the ratio of the characteristic
systemn velocity to the velocity of light such as

ar/c (5)

In order to obtain measurable amounts of gravi-
tational force, these quantities must be as large
as possible, To obtain a high gravitational field,
either a large mass or a high density is required.
The greater the density, the less total mass
necessary to achieve the same gravitational field.

To obtain high rotational velocities, we cannot
‘use the mechanical strength of materials since
this limits the obtainable equatorial velocities
to approximately the speed of sound.” Because
of this, it will be necessary to use fields to hold
the systems together under inertial stresses. One
example would be the high gravitational fields
obtainable with dense matter. However, any
practical device which might be constructed
would probably use electric or magnetic fields.
By using electromagnetic forces to contain ro-
tating systems, it would be possible for the masses
to reach relativistic velocities; thus a compara-
tively small amount of matter, if dense enough
and moving fast enough, could produce usable
gravitational effects.

An example of a system held together by
gravitational fields is a contact binary dwarf
star system.- The force equation describing the
mutual rotation of the stars is

—(GMM/(2r)?) = — Mwr=— (Mv*/r). (6)

}/¢t or

A particle coming near the system will experience
not only a radial acceleration*

1 1 v
Fp=— GMl:— +*—"ﬁ}
(b—r)* (b+r)2
4GMa|— 1 1
— .
c? I_b—r b+r:| ™

7]. W. Beams, Sci. Am. 204, No. 4, 134 (1961).
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but also a tangential acceleration

4GMw|‘ 1 1 1 /GM\¢
o= —]—(=) ®
Il I_b—r b+rd D\ r

where b is the distance of the particle from the
center of the system.

In applying these equations to a test object
(such as a space vehicle) passing by this star
system, it is evident that, in general, the radial
acceleration will not introduce any net change in
velocity, but that the tangential acceleration
will transfer energy and momentum to the ve-
hicle. For a neutron binary star, this acceleration
can be greater than one million g's; although
these accelerations seem very high, there are no
stresses on the human body because the forces
are gravitational. Such systems could be used to
accelerate space vehicles to nearly the speed of
light,

Devices Based on Analogies between Electro-
magnetic and Gravitational Fields

There are other types of devices for obtaining
non-Newtonian gravitational forces which follow
from the known electromagnetic analogies based
on Einstein's general theory of relativity; how-
ever, these devices have not been analyzed using
the complete field equations. For instance, two
rotating gyroscopes should repel each other if
oriented properly, and two pipes with massive
liquid flowing through them should exhibit a
pinch effect.

Although the rotating gyroscopes and flowing
masses should exhibit non-Newtonian forces,
the linearized theory does not predict an inter-
action with a stationary test body. A device
which electromagnetic analogies predict might
be able to create a non-Newtonian gravitational
force that will accelerate a nonrotating, nonmov-
ing body is one that contains accelerated masses
whose mass flow is like the current flow in a wire
wound torus.® If we look at the electromagnetic
model, a current I through the wire causes a
magnetic field in the torus. If the current con-
stantly increases, then the magnetic field also
increases with time. This time-varying magnetic
field then creates a dipole electric field. (Fig. 4.)

8 Robert L. Forward, Proc. IRE 44, 1402 (1961).
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The value of the electric field at the center of the
torus is

E=—B=+(d/dt) (uNIr?/4xR?), (9)

where R is radius of the torus, 7 is the radius of
one of the loops of wire wound around it, and N
is the total number of turns.

If we replace the wires with pipes carrying a
massive liquid, then the known analogy between
the electromagnetic and gravitational fields can
now be used.® All the electromagnetic quantities
are transformed to their equivalent gravitational
quantities to obtain

. d (qNT7?
)
di\ 47 R?

(10)

where G is the gravitational field generated by
the total mass current N7, and 9=23.73X10-26
m/kg is the gravitational equivalent to the
magnetic permeability.5 (See Fig. 5.)

It is important to notice in the above equation
that the time derivative operates on the entire
quantity in the brackets. One would normally
say that all quantities are independent of time
except the mass flow 7. If the amount of mass
flow increases with time, then 7'>0, and thus
a gravitational field G can be generated. How-
ever, in electromagnetism, the permeability of
some materials such as iron is nonlinear, which
allows the construction of highly efficient elec-
tromagnetic field generators. A material with a
highly nonlinear 7 would also be useful in the
construction of efficient gravitational field
generators.

RESEARCH AREAS
Dense Materials

It has been emphasized that in order to achieve
measurable gravitational effects with moderate
amounts of mass, dense matter is required. Thus,
the study of degenerate matter could lead to the
generation and control of gravitation. Methods
must be found to manufacture, contain, and con-
trol matter with densities from 108 to 10% g/cmé.
The best starting point appears to be an investi-
gation of the neutron—-neutron interaction. By
using extremely low temperatures and strong
magnetic fields, one should be able to cool the
thermal neutrons from a pile and concentrate
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F16. 4. Generator of a dipole electric field.

them into a small region through the interaction
of the magnetic field with the magnetic moment
of the neutron.® The Fermi energy will limit the
density to about 1078 g/cm?, but the formation
of tetraneutrons (#*) or the existence of a super-
conductive-type phase space condensation will
create bosons which do not have this limitation.
The results of a more comprehensive study of the
properties of a cold neutron gas and the methods
for containment will be given in a future paper.

Gravitational Properties of Matter

In studying analogies between electromagne-
tism and gravitation, it can be seen that one
analogous quantity has not been investigated.
This is the gravitational equivalent to the mag-
netic permeability. 1Electrical power distribu-
tion systems depend upon the anomalously large
and nonlinear permeability of iron and other
magnetic materials. Since all atoms have spin,
all materials will have a gravitational perme-
ability which is different from that of free space.
Rough calculations show that this difference is
very small, but experimental investigation may

F16. 5. Generator of a dipole gravitational field.

9V, V. Vladimirskii, Soviet Phys.—JETP 12, 740 (1961).
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find materials with anomalously large or non-
linear properties that can be used to enhance
time-varying gravitational fields. Also, since the
magnetic moment and the inertial moment are
combined in an atom, it may be possible to use
this property to convert time-varying electro-
magnetic fields into time-varying gravitational
fields. At present, the only way to search for such
materials is to intersperse wedges of material
between gravitational wave generators and de-
tectors, such as those described by J. Weber,¥
and look for a change in amplitude or direction
of propagation. The first efforts in this direction'

10 T, Weber, Phys. Rev. 117, 306 (1960).
'y, B. Braginsky, V. N. Rudenko, and G. I. Rukman,
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have been carried out by the Russian workers
Braginsky, Rudenko, and Rukman with negative
results.

It is obvious that research in the field of
gravitation will be very difficult since even the
most optimistic calculations indicate that very
large devices will be required to create usable
gravitational forces. Antigravity, like space
travel, will probably have no direct effect on the
daily life of the average person. Future progress
in the control of gravitation, like all modern
sciences, will require special projects involving
large sums of money, men, and energy.

Zhur, Eksp. i Theoret. Fiz. 43, 51 (1962) (in Russian with
English abstract).

Lagrangian Solutions of the Equations of Motion in Fluid Mechanics by Integrating
Certain Types of Nonlinear Ordinary Differential Equations

K. H. RuEs
Chung Chi College, Hong Kong
(Received 16 July 1962)

The classical problems of the forced motion of a fluid particle induced by the motion of solid
bodies immersed in an incompressible and nonviscous fluid of unbounded extent are solved

by integrating nonlinear equations of the type:

(&% /dt®) +P(r,)(dr/dt)*+Q(r,8)(dr/dt)*+R(t)dr/di =0,

and

(dor/dt®) +M(r)(dr/dt)2+N(r,t)dr/dt+S(r,t) =0.

The solutions of the Lagrangian equations of motion instead of the usual Euler’s equations
furnish better physical insight. The second integrals are evaluated in terms of both elliptic
integrals and series for the problem of cylinder, and hyperelliptic integrals and series for the
sphere. A systematic method of integrating nonlinear equations of this type is discussed.

The problem of a half-body is also discussed.

I. INTRODUCTION

E propose to investigate first a class of

equations which are nonlinear in one co-
"ordinate frame formed by dependent and in-
dependent variables and integrated by choosing
a new coordinate frame formed by new dependent
and independent variables. That is to say, the
nonintegrability of the original equation is due
to an improperly chosen coordinate frame. We
wish to study systematically the method of
finding the right frame.

In this paper, we consider a class of equations
having the forms:

(d2r /A2 + P (r,b) (dr/dt)*+ Q (r,0) (dr/dE)?
+ R dr/dt)=0, (1)

(d%/de2)+ M (r) (dr /dt)*+ N (r,t)dr/dt
180 =0. (II)

Equations (I) and (I1) appear often in applied

‘mechanics. We apply this method to the problem

of the forced motion of fluid particles of a non-
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Abstract

The purpose of this work is to provide a critical analysis of the classical papers of H. Thirring
[Phys. Z.,19,33 (1918); Phys. Z., 22,29 (1921)] and J. Lense and H. Thirring [Phys. Z.,
19, 156 (1918)] on rotating masses in the relativistic theory of gravitation and to render
them accessible to a wider circle of scholars. An English translation of these papers is pre-
sented which follows the original German text as closely as possible. This is followed by a
concise account of the significance of the results of these papers as well as the possibility
of measuring the gravitational effects of rotating masses.

8(1): Introduction

Hans Thirring (1888-1976) was born and educated in Vienna. He studied
mathematics and physics at the University of Vienna and received his Ph.D. in
1911. His habilitation thesis of 1915 was on the theory of the specific heat of
solids. His major fields of interest were the theory of relativity and applied
physics; moreover, he had wide-ranging interests in psychology, politics, and in
issues related to world energy resources. He became professor of physics in
Vienna in 1921. For political reasons he had to leave the University in 1938.In
1945 he was reinstated and became the director of the Institute for Theoretical
Physics. Among the books he authored there is one entitled Die Idee der
Relativititstheorie.

Josef Lense (b. 1890) was born and educated in Vienna. He studied astron-
omy at the University, obtaining his Ph.D. in 1914 [cf. Die jovizentrische Bewe-

! Dedicated to Professor Josef Lense on the occasion of his 92nd birthday.
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gung der kleinen Planeten, Astron. Nachrichten, 196, 341-346 (1913)] . His
habilitation thesis of 1921 on the integration of differential expressions, as well
as his subsequent work on quadratic forms, was motivated by the geometric
aspects of the relativity theory. He became a lecturer in Vienna in 1921, and a
professor of mathematics at the Technical University of Munich in 1927, In.
addition, from 1946 until his retirement, he was the director of the Mathematical
Institute in Munich. He has authored many books in mathematics, a subject in
which his major fields of interest have been differential geometry and mathe-
matical physics. He presently makes his home in Munich.

The collaboration of Lense and Thirring began in Vienna after Thirring,
aware of Lense’s background in astronomy, inquired whether Lense would be
willing to carry through, in perturbation theory, the integration of the equations
of motion of a test body in the field of a rotating mass together with the appli-
cation of the results to the orbits of the planets and moons [1]. This resulted
in a joint publication in the Physikalische Zeitschrift of 1918.

8(2): English Translation of the Thirring-Lense Papers

On the Effect of Rotating Distant Masses in Einstein’s
Theory of Gravitation

HANS THIRRING

The considerations of this study can best be made clear by a quotation from
Einstein’s fundamental paper of 1914.! He says the following in the introduction:

“At first it seems that such an extension of the theory of relativity has to be
rejected for physical reasons. Namely, let K be a permissible coordinate system
in the Galilei-Newtonian sense, K’ a uniformly rotating coordinate system with
respect to K. Then centrifugal forces act on masses which are at rest relative to
K', while not on masses at rest relative to K. Already Newton considered this as
proof that the rotation of K has to be interpreted as “absolute,” and that one
cannot thus treat K' as “at rest” with the same justification as K. This argument
is not valid, however, as explained by E. Mach in particular. That is, we need not
attribute the existence of those centrifugal forces to the motion of K '; rather,
we can attribute them as well to the average rotational motion of the ponderable
distant masses in the surrounding relative to K', whereby we treat K as at rest.
If the Newtonian laws of mechanics do not admit such a conception, this could
well be caused by the defects of this theory....”

Since Einstein’s theory seems to have been brought to completion in the

LA, Einstein, Berl. Ber., 1914, p. 1030; see also Ann. Phys. (Leipzig), 49, p. 769 (1916).
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publications of 1915, the question suggests itself: Is the new theory devoid of
the defects of the Newtonian theory insofar as the rotation of distant masses,
according to their equations, indeed produces a gravitational field equivalent to
a “centrifugal field”? Perhaps one could regard a discussion of this question
futile by stating that the required equivalence is guaranteed by the general co-
variance of the field equations. But things are not quite as simple since the
boundary conditions for g, at spatial infinity play a role as well. These ques-
tions of principal interest have been treated in the papers of De Sitter' and
Einstein.*> We will not go into these general questions, rather we will calculate
and study the field of rotating distant masses using a specific and concrete
example. For this purpose, the method of approximate integration of the field
equations given by Einstein® is perfectly appropriate. This method will serve as
the foundation for the following calculations, We choose as an example the field
inside a uniformly rotating infinitely thin hollow sphere endowed with a con-
stant mass density.

In the first section of this paper (which can be skipped without affecting the
understanding of the rest) the g, inside the spherical shell will be calculated
approximately; in the second section the motion of a point mass in this field will
be discussed.

A, Calculational Part: Calculation of the g, for the Neighborhood of the
Center of the Rotating Hollow Sphere

Notation:

a, radius of the hollow sphere;

M, its mass;

w, its angular velocity;

X,V,z, rectangular coordinates of a point on the surface of the sphere;
X9 Yo, Zg, coordinates of the point under consideration;

X, gravitational constant;

Po, naturally measured space density of matter.

In connection with the approximations used for calculating the field, the
following should be mentioned in advance: The field in the neighborhood of the
center of the sphere will be considered to be so weak that in the field equations
only terms of first order with respect to 7, are taken into account (y,,, is de-
fined by g,,, = =8, * Yup)- Since the higher-order terms are neglected, it is
possible to use Einstein’s method for the approximate integration of the field

1w, de Sitter, Amsterdam Proc., 19,527, 1917.
2 A. Einstein, Berl. Ber., 1917, p. 142.
3 A. Einstein, Berl, Ber., 1916, p. 688.
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equations. According to the second type of approximation often used, the com-
ponents of the velocity of the ponderable matter will be considered as small
with respect to unity (velocity of light), so that in this crudest approximation,
which yields Newton’s theory, already the first powers can be neglected. Let us
apply this approximation—which is totally independent of the first one—insofar
as we drop the terms of third and higher orders in the velocities in comparison
to 1. Finally, our calculations relate to the neighborhood of the center of the
sphere; let 7 be the distance between the point under consideration and the
center of the sphere and let R be the distance between the point under consider-
ation and the integration element. Then we will expand 1/R in a power series in
rja up to second order.

Einstein’s method of approximate integration yields for the computation of
the g,,, the following formulas:

guuz_auv'l"yyy, Syv=17 M= €))
=0, u#Fv

' 1 !
Yuv = Yuv ~ EZ Yoo )
o

' X‘J-Tﬂv(xsyyzat_‘r)

Yur =750 R

dvVy 3)

Here T, denotes the covariant energy tensor of matter and d¥, the spatial
volume element of integration space,

R? =(x-xo)* + (¥~ yo)® +(z~ 20)?
The coefficients g, of the line element refer to the coordinates
X1 =X, X9=Y, X3=2z, Xq=Iit

According to the first type of approximation, we are allowed to substitute
the covariant energy tensor by the contravariant one. Neglecting the stresses, it
is given by

dx, dx, fdxs\*
- Tt (22) @

dxs dx, = ds

Let the hollow sphere rotate with angular velocity w about the z axis, then for
one of its points with polar coordinates, a, 9, ¢, we have
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dxi __ dx

=-{—=1{gwsin ¥ sin ¢
dX4 dt
dx, dy .
—==-j—=~jgw sin ¥ cos 5
dx, L dr 4 )
a3 _ g
dxs

These values upon substitution into (4) yields the following scheme for T,

dX4 2
Ty =00 s

~a*w? sin? 9sin® ¢ +a®w? sin? Ysinpcosy 0 igwsin ¥ sin g

+a*w? sin? 9sinpcosy -a?w? sin? Ycos? ¢ O -iawsin ¥ cos
0 0 0 0
faw sin 9 sin ¢ ~iaw sin ¢ cos v 0 1
(6)

Since we take p, to be the naturally measured matter density, one has to insert
the naturally measured spatial volume element for d¥; as well in order to ensure
the tensorial character of the integral (3). For this the following formula® holds:

avy = gi—d——dV (7N

For the integration we introduce polar coordinates. Thus
Vg dV =d%da sin & d9 dy (8)

Finally, one still has to express 1/R in terms of the integration variables. We
choose the coordinate system such that the point under consideration is situated
in the Z-X plane. Its coordinates are then

Xo =rsindy, yo=0, zg=rcosdy
Then we have

R? =(asin ¥ cos & - 7 sin ¥o)? +4? sin® ¥ sin? ¢ + (2 cos & - r cos ¥g)?

2r . . r?
=42 |:1 - —(sin & cos ¢ sin ¥y + cos ¥ cos Vo) +—
a a
Neglecting the terms mentioned at the beginning, the expansion in a binomial
series yields

1See A. Einstein, Berl. Ber., 1914, 1058, equation (47a).
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»n

¥

N | —
|

1 1 ro . .
R 2 1+;(smz9cos¢sm60+c0519cos190)-

3 r?
+ T (sin & cos ¢ sin §¢ + cos & cos Bg)? ©

We denote the expression inside the curly bracket by K and write

1 K
—_— 9
R=2 (9a)
Substitution of (6), (7), (8), and (9a) into (3) yields
. 2n s 3
it d .
Y = Lpoa3 w? da f d¢f dd (—)—Ci) sin® ¢ sin? 9 K
27 o 0 ds
. 2m s 3
d
Yoo = zpoa:"w2 daJ‘ dth‘ dé‘(—ﬁ> sin® § cos? K
2n o o ds .
. 27 s 3
, d
Yaa =—Q<-p0adaJ‘ dth‘ dﬁ(—x—4> sind K
2n o o ds
. 2n s 3
, d , )
Yo' =~ 2 pea® o da f dy f dﬁ(—&) sin® 9 sin p cos g K
2n o o ds
2m s 3
' d :
Yia' = X podw daf dy f dd (——&4—> sin? 9 sin p K
2m o 0 ds
27 s 3
d
Yaa' == X poa® w da f dy f dd (—ﬁi) sin? 9 cos p K
2n 0 o ds
Y13 =723 =733’ = Y43’ =0 (10)

The absolute value of the quantity dx4/ds differs from unity only by terms
of order w?a?; it appears as a factor in the small first-order termsy,,,"; hence it is
sufficient to calculate them starting with the expression for the line element in
the “zeroth” approximation:

ds? =-dx,? - dx,? - dx3? - dx,?

ds® _ dx;? +dx,? +dx;?

dX42 dX42

=-1+ w?4? sin? ¢
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d 2 2
—S—=i<1~ YL sin? 19)
dx, 2

dx,\? 3
<.(.;i‘i) = i<1 + 7&)2[12 sin® 19) (11)
3 2

Because the accuracy of our calculation extends only to terms of order w?a?,
we can put (dx,/ds)’ =i for all those v, which already contain the factor wa;
merely for 44’ will we use the expression (11). Furthermore, we put

poda=gc

and then equations (10) become

2w m
Y =- X 32 f d¢f do sin® ¢ sin? oK
27 o o

27 "
Yoo = X o8 o f d¢f do sin® 9 cos? p K
27 o o

, x 2m ™ 3
Yaq =—aaf dapf dd sin 0 K <1+—w2a2 sin? 19)
2m R o 2

2m g
712’:—)(—-0'a3w2f d@f do sin® ¥ sin  cos p K
27 o o

' 1

X 2m m
Yia =——aa2wf dupf dd sin? ¢ sin g K
2 o o

. 2m s
r_ IX 2 -2
Y4 =T 04" W dy dd sin® ¥ cos g K
27 o o
1 ] [ [ .
Y13 =7Y23 Y33 =vm =0 (12)

If one substitutes the value of K from (9) into these expressions and calculates
the integrals, one obtains

=-———a" W]l ~-—
Yt 27 3a 542

M r?
Yo' = - 2 g2t {1 o (1 - 3 sin? 19(,)}
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XM O3 [P A
Yaa 2na{l+aw[ 2 5 sin ¥

' Ix M in &

=- —— — wrsin
Y2 T o 3 o
712'2714'2713'=723’=733’=743,=0 (13)

From these expressions one obtains the v, and subsequently the g, by using
the equations (1) and (2). Furthermore, we substitute in place of the polar co-
ordinates r and 9, of the point under consideration its rectangular coordinates
and replace the Einstein gravitational constant x by the conventional one: k =

x/8m (velocity of light = 1). Then one gets

2UM w?
gu=-1-— 1+azw2——(2202+x02)}
a 10
2kM 2
gn="1- — 1+azw2-i(2202~3x'02)}
a 10
g3z =1
2kM 5a*w?  W?
gaa = "1+ —— 11+ aw‘&z‘(2202‘x02)
a 3 6
akM
g2a =1 —— WXy (14)
3a

all remaining g, vanish.

Now we want to free ourselves also from the special choice of the coordinate
system. (We had placed the point under consideration in the Z-X plane.) For
this purpose, we perform the transformation:

x;"=x; cosa+x, sina

x,'=-x; sina+x, cosa

X3 = X3

x4 = x4 (15)

Then by means of the transformation law of a covariant tensor of second rank

t

dx, 0Ox,
ar T

the coefficient scheme becomes
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1 2 2UM ? akM )
g 2 l+a2w2‘—w—(222+x2—3y2) . +‘g)—xy, 0, +i——wy
a 10 a 5 3a
2M * 2kM ?
+——ixy, -1——~——l+a2w2—i(222—3x2+v2), 0, -i— wx
a a 10 . 3a X
Buv =
0 0, -1, 0,
4kM kM UM l: Sat W W?
+H—— - —— 0, -1+= |1+ +— (222 - x* - p?
L’3 @y, TET % P 3 T “)j

719

(16)

The index O in the coordinates is dropped here; in the following x, y, z denote
the coordinates of the point under consideration.

B. Physical Part: The Motion of a Point Mass inside the Rotating Hollow
Sphere. We want to set up the equations of motion of a point mass situated
near the center of our rotating hollow sphere. The field in this neighborhood is
characterized by the coefficient scheme of the g,,,, [equation (16) of the first
section] .

As is well known, the law of motion for a point mass in Einstein’s theory is
given by the condition 8§ [ds =0, or, if one carries through the variation,!

d*x, __ dx, dx,

ds? M gs ds

(a7

We have, according to the first type of approximation, for the “field compo-

nents” '},

)y [uv) 1 (08,  08ur O8uv

e [ )

T T < \OXy Xy Xr
We merely want to consider motions of the point mass which are small with
respect to the velocity of light, so that we can neglect the squares and products
of the components of the velocity. Then one can cancel all those terms on the
right-hand side of the equations (17) in which the index 4 does not appear, and,
besides, we can substitute the derivatives with respect to s by the derivatives
with respect to ¢. Taking into account that dx,/dr =i, the equations (17) become

dx 3>
) - F T
dt =

(18)

d*x,
dr?

dx,
—f 4 FT
ar

. dx
=2i <F{4 E‘—+r{4 (19)

Hence in what follows, only those of the field components '}, are taken into

!Indices appearing twice are to be summed over from 1 to 4.
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consideration which contain the index 4 at least once. These are 16 quantities,
which (though they are not tensorial components !) can be arranged in our case
according to the scheme of an antisymmetric tensor of second rank. Since the
partial derivatives with respect to x4 vanish altogether in the stationary field, the
quantities I'T4 can be written in the following way:2

i _l <ag14 _ ag34>
M y
2 \ox; 0x,

<9é12_4 B} 9&1)
0x; 0x,/)’

3 _1 g3 0814
I114 A >
2 ax1 ax::,
I3 =0,
10
I1144_'—_ g44>
2 ox,
1 a
F§4 L g44’
2 0x3

Tl L (a;gli - ag_‘ 24>’

2 \0x, 0x,
1 9gaa
Nl =-——
“T 2 axy
F224 = 03
F24 =_l ag44
2 0x, (20)
3 _1 0834 0824
1124 5 - s
2 8x2 aX3
1 0gaq
Ii,=~—
a4 2 oxj
1 0844
T == —,
®»7 0x,
't =0

If one substitutes here the special values of the g, from (16), one gets the fol-

lowing scheme:

INote that this scheme corresponds to the six-vector IR of the electromagnetic field. The
analogy between electrodynamics and (approximated) gravitational theory goes still fur-
ther when one bears in mind that by the approximate integration the quantities g14, £24,
£34, 844 are calculated in the same way in terms of the density and velocity of matter as
the potentials % ., ¥, A, ® in terms of the electric four-current, and furthermore, that
in our case the right-hand sides of equations (19) correspond altogether, except for nu-
merical factors, to the components of the ponderomotive force @ + [b ] !
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L 4kM kM

—_ 0 -—w’x
0 : 3a @ 3a
4kM kM
i —w 0 0 - —wy
3a 3
(1)
2kM
0 0 —wz
3a
kM kM 2kM
-2 o2 o2 0
3a i 3a @7 3a “z
Then, we obtain the equations of motion for our specific problem from
(19) to (21):
8kM | N kM,
X=-— —w'x
3 0 T3
.. 8kM | kM
V= wx + = w?y (22)
3a 3a
2kM
I=- —— Wz
3a

The right-hand sides of the equations represent the components of the force
which our field exerts on the point mass with mass 1. As can be seen, the first
terms of the X and Y components correspond to the Coriolis force and the
second terms to the centrifugal force. At first sight, the third equation yields
the surprising result that this “centrifugal force” possesses an axial component
as well. Its occurrence in the field of the rotating sphere can be elucidated in the
following way: From the viewpoint of the observer at rest, those surface ele-
ments of the hollow sphere situated near the equator have a larger velocity, and
consequently a larger apparent (inertial and gravitating) mass, than those close to
the poles. Hence the field of a rotating hollow sphere with a constant surface
density corresponds to the field of a hollow sphere at rest with a surface density
which increases with the polar angle §. In the latter case, it is readily understand-
able that points lying outside the equatorial plane are dragged into it.

(Incidentally, one can also easily imagine that forces analogous to the cen-
trifugal force occur in the interior of a hollow sphere endowed with such a non-
uniform mass density. As is well known, in potential theory one can demon-
strate the vanishing of the force field inside a hollow sphere with constant
surface charge density as follows: The attractive force of the surface elements,
which are seen from P under the angle dew (see figure 1), is equal and opposite
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N)
Fig. 1.

to the force exerted by those surface elements which lie within the opposite
angle dew'. Of course, this no longer applies in the case of nonuniform surface
density. Let A4’ be the equatorial plane; then, with respect to the position of
the point P as drawn in the figure, the surface elements lying inside the angle
dw are closer to the equator on the average, and are therefore specifically heavier
than those of dw'. Hence there results a force in the direction of 4'4,i€., a
tension that is perpendicular to the rotation axis, points away from it, and
becomes smaller the closer the point P is shifted to the center.)

That we merely recognize a radial but never an axial component of the
centrifugal force in nature could be reconciled with the results found here as
follows: The approximation of the firmament by means of an infinitely thin
hollow sphere is just incorrect. But even if we want to improve our approxima-
tion (say, by means of a spatial distribution of masses) we would never obtain
a field equivalent to a real centrifugal field when using this method of integra-
tion. We would obtain such a field if we imagined all masses in the outer space
(galaxies, etc.) as rotating and calculated their gravitational effect. But the
solution for the retarded potentials [equation (3)] assumes the boundary con-
dition lim 7,,, = O for spatial infinity. As Einstein has shown in his cosmological
paper,! these boundary conditions are approximately fulfilled for a coordinate
system with respect to which the fixed stars are at rest on the average. There-
fore, our solution (16) does not represent the field of a single rotating hollow
sphere representing the Universe, rather the field inside of such a hollow sphere
outside of which there are masses at still larger distances from the origin that are
at rest on the average with respect to the chosen system of reference. For ex-

1 Berl Ber., 1917, p. 142.



THE THIRRING-LENSE PAPERS 723

ample, the field as represented by equation (16) is that which would hold at the
center of the Sun if instead of the Sun and all the planets a large hollow sphere
existed, say, with the radius of Neptune’s orbit and which rotated with an angular
velocity w with respect to the fixed stars. If there were observers at the center
of this sphere, situated on a heavenly body, the gravitational field of which can
be neglected and which rotates about the same axis with the angular velocity w',
the observers would perceive centrifugal and Coriolis forces consisting of the
effect of their own rotation and the effect of the rotation of the hollow sphere.
In the following, the influence of the field of the hollow sphere on the centrif-
ugal force caused by its own rotation will be studied.

For this purpose, we introduce a coordinate system tied to the reference
body rotating with the angular velocity . This is performed by means of the
transformation

' r Xa . ; Xg f
X Fxcosw —tysinw —|/—, zZ =z
i i
(23)
r_ . r X4 r X4 '
y =-xsinw —l_—+y coS w l_-, Xq = X4
By this transformation, the quantities of interest g,,, become
, L, 2kM 4kM
gua =~y lw(lt = ) w—7—
3a 3a
. [ ( 2kM> 4kM:|
Zog =X W {l+— } w—
3a 3a
, UM Sa*w? o o, (24
8aa =“1+T[1+ 3 —~3—z2:|+(x2+y2)
i 2kM , 4kM , kM
ol ) ww Tt W
a 3a 3a

If one constructs the equations of motion out of these quantities according to
(19) and (20), one will get

. , 2kM 4kM | ” 2kM , 4kM kM
x=2lw\l+ —)-w—|y+ijw <1+————ww ——tw? —} x
a 3a a 3a 3a

. , 2kM 4kM ” 2kM  A4kM kM
yE-2lw({lt+ —)-w—— |yt iw(l+ —)-ww —+w T ¥
a 3a a 3a 3a

2kM Wiy 25)
3a
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After setting M = 0 here, one obtains the usual centrifugal-Coriolis field:
X=2w'y+w?x
y=-2w% +w?y (26)
z=0
After setting M # 0, w = 0, it becomes

o 2MN\ ., 2kM
x=2w{lt —)y+wll+ —}x
a a
; [ 2kMN\ ., 2kM 2
y=-2w <1+———>x+w2<1+——>y @7
a a

z=0

wherefrom one can see how the inertial effects are influenced by the presence of
the surrounding masses M. The centrifugal and Coriolis forces are multiplied by
the factor (1 + 2kM/a).

Finally, one can see from equation (25) that if the hollow sphere rotates in
the same sense, this results in diminishing the centrifugal and Coriolis forces.
When one sets

. 4k
“ 3(2kM + a)

then the Coriolis force vanishes. One could call the quantity 4kM/3(2kM + a) the
dragging coefficient of the hollow sphere with respect to the Coriolis force. The
centrifugal force cannot be made to vanish, since the expressions inside the curly
brackets of equation (25), when set equal to zero, do not yield real roots for w.
In the reference system “at rest” (w’ = 0), the expression for the centrifugal
force was

w (28)

fﬂwz(xz +y2 )12
3d

If one now allows the reference system to rotate in the same sense as the hollow
sphere, the centrifugal force will at first decrease for small values of w' and will
reach a minimum when w/w is equal to half the value of the “dragging coeffi-
cient.! Thereupon, it increases again and reaches the original value again which
it had for w' =0 as soon as w/w is equal to the dragging coefficient. Then it will
continue to increase along with ', and for large w' will reach a value hardly

10ne can immediately convince oneself by differentiating the term inside the parenthesis.
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different from the value it had in the absence of the hollow sphere [namely,
w'(x? + y?)¥?], since according to our assumptions 2kM/a is small compared
to 1.

At first sight, it seems contradictory to the spirit of a theory of relativity
that the right-hand sides of the equations of motion (25) do not depend on the
difference w - w" alone. One should not forget, however, that we do not deal
with only two bodies (point mass and hollow sphere) in the problem treated
here; rather, owing to the boundary conditions lim v, = 0, still further distant
masses at rest relative to the original reference system are introduced as a third
element determining the field.

Summary

Using a concrete example, it is shown that forces occur in the (Einsteinian)
gravitational field of distant rotating masses which are analogous to the centrif-
ugal and the Coriolis forces, respectively. The peculiarities associated with this
special case are discussed.

Vienna, December 1917, Institute for Theoretical Physics of the University.
(Received 21 December 1917.)

Correction to My Paper: “On the Effect of Rotating
Distant Masses in Einstein’s Theory
of Gravitation”'

HANS THIRRING

Herr Laue and Herr W. Pauli kindly brought to my attention the following
errors in my above-mentioned paper: In the approximate integration of the
Einsteinian field equations, the quantity d¥ in the formulas for the retarded
potentials v, [equation (3) L¢.] simply denotes the usual spatial volume ele-
ment of integration space (in polar coordinates: r*dr sin ¢ d¢ dy) and not, as
erroneously claimed by me, the naturally measured volume element

L I / d‘ sin 15 dls dgo

I This journal [Phys. Z.], 19, 33, 1918.
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Therefore, one has to drop a factor i(dx,/ds) everywhere in the equations (10)
and (12). Furthermore, in going from (12) to (13) we incorrectly set [ podV = M.
Instead, the correct formula is:

dx
fpoarV0 =z‘fpo Zav=M
ds ‘

or taking (11) into account,
2.2
M = 4moa® <1+ w3a )

By eliminating these errors, one obtains for the coefficients 8uy Of the line ele-
ment, in place of (10), the scheme presented below [equation (16)] *

2k 2w’ 26 2
(_1_ M[Ha W 2w (22+x2_2y2)], +2kMixy’ 0 +i4kay\
3 15 a 5 3a
2kM 2kM 2wt 2u6?
e N ——[l+a ol ———w—(z2 +y? - 2x)|, o, —i—4kax
= a S5 3 15 3a
Buv =9 r
0, 0, 0, 0
4kM 4k. 2k, 2w?
\+z EPRLOL -i S, O 0, -1+ — [1+az<...;2 - 1(‘;_ (22% - x? -yz):lj
(16)
The equations of motion for the point mass then read as follows:
8kM . 4kM
X=-———wy+—wx
3 15a
.. 8kM . 4kM
JEt+ —— okt ——w?y (22)
3a 15a
8kM
=-—w°z
15a

Hence the Coriolis force remains unchanged as compared to my original formula
(22); however, for the centrifugal term one needs an additional factor of %.

Furthermore, the equations of motion with respect to the reference system
rotating with angular velocity ' read [see equation (25)] :

" , 2kM 4kM ] . " 2kM , SkM , 4kM
x=2lw({lt—}rwo——ptiw\l+ — - ww —tw" — i x
a 3a a 3a 15a

*Translator’s note: A typographical error should be corrected in equation (16): The entry
for g33 must be “~1” instead of “0.”
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. ) 2kM 4kM | . i 2kM ,8kM  , 4kM
y==2lw|l+ — ) w— ¥+ ll+ —)- ww T—+w = v
a 3a a 3a 15a

- Wz 29

Also here the correction of the error simply yields an additional factor of %
in the terms with «w?. Because of an additional mistake in the transformation to
the rotating coordinate system, there originally occurred a factor of % instead of
% in the term with wcw'. Thus, two sentences in the next-to-last paragraph of my
paper have still to be corrected as follows: “If one now allows the reference sys-
tem to rotate in the same sense as the hollow sphere, the centrifugal force will
at first decrease for small values of ' and will reach a minimum when w/w is
equal to the ‘dragging coefficient’. Thereupon, it increases again and reaches the
original value which it had for w' =0 as soon as w/w is equal to twice the
dragging coefficient.”

The principal result of my paper (occurrence of centrifugal and Coriolis
forces in the gravitational field of distant rotating masses) remains completely
unchanged.

Vienna, 15 October 1920.

(Received 25 October 1980.)

On the Influence of the Proper Rotation of Central
Bodies on the Motions of Planets and Moons
According to Einstein’s Theory
of Gravitation

J. LENSE and H. THIRRING

In a paper published recently,! one of us has calculated approximately the
field inside a rotating hollow sphere according to Einstein’s theory of gravita-
tion. This example seemed to be of principal interest in answering the question
whether the rotation of distant masses according to Einstein’s theory really
produces a gravitational field equivalent to a “centrifugal field.”” Now it appears
interesting, from another point of view, to consider the integration of the field

! Hans Thirring; this journal [Phys. Z.], 19, 33, 1918; hereafter referred to as paper 1.
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equations for a rotating solid sphere, which can be simply carried out using the
same methods. For, so long as one stood on the basis of Newton’s theory, one
could exactly substitute the field outside a sphere charged with uniform volume
density (at rest or rotating) by the field of a material point of the same mass.
Likewise, according to Einstein’s theory, the field of an incompressible fluid
sphere at rest is equivalent to that of a point mass,' but this is no longer valid
for rotating spheres. As will be shown in what follows, additional terms appear
here which correspond to centrifugal and Coriolis forces. Now since the planets
move in the field of the Sun, which itself rotates, and the moons in turn in the
field of the rotating planets, it does not seem excluded from the outset that one
can obtain a novel confirmation of Einstein’s theory by observing the perturba-
tions caused by these additional terms. In the following, we calculate numerically
the perturbations in the planetary orbital elements, which turn out to be below
observational limits. For the moons of Jupiter, however, one obtains relatively
large secular perturbations which should still lie within the errors of measurement.

§1. The Calculation of the g, for the Field of the Rotating Solid Sphere

Notation:

1, radius of the sphere;

M, its mass;

w, its angular velocity;

x' v’ z' rectangular coordinates of a point of the integration space;
x,y,z, coordinates of the point under consideration;

k, gravitational constant; ‘

Po, naturally measured space density of matter.

The calculation is performed in analogy with that in the paper cited at the
beginning: Einstein’s method of approximate integration? is used, but this time,
when forming the energy tensor of matter, the velocity of the masses producing
the field is regarded as so small compared to 1 (velocity of light) that one can
neglect the squares and products of the components of the velocity. (This is in
contrast to the example treated in the previous paper. The terms of the centrifu-
gal force, which are proportional to™ w?, are omitted and only the Coriolis
terms appear.) Neglecting such terms is completely justified when one considers
that /e for the Sun and all the planets is very small in a system of units in which
the velocity of light = 1. Besides, in the case treated here we consider the field at
a larger distance from the surface of the sphere. Let 7 denote the distance be-

1¥, Schwarzschild, Berl. Ber.,1916,p.424.

2 A. Einstein, Berl. Ber., 1916, p. 688.
Translator’s note: A typographical error should be corrected here. Read “w2” instead of
oy

2
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tween the point under consideration and the center of the sphere, #' the distance
between the center and the integration element, and R the distance between the
point under consideration and the integration element, then we expand 1/R in a
series in 7 Jr up to the second order.
Then, exactly as in paper I, we start from the approximate solution given by
Einstein’:
=1, u=v

gpu:_auv+7uu, Suuzo’ Lt

14 1 ’
7;11}:7#1)_;5#1/27 Qo (1)
= «

. k T x,, ”,Z’,l‘—R
“’“‘f uv( ) )dVo

Yuw =750 R

Thereafter, we form the energy tensor of stress-free matter

dx, dx dx,, dx, {dxs\*
T#,,=T“V=po i Oo_ﬁ_._v<._._4) 2)
ds ds dx, dxa \ds
with the expressions for the components of velocity:

dxl . dx ' .2 . 191 . ’

—_— - —=1r

dxs & irwsin § sin ¢

de A dy, ot . 19/ ' 3

—==-]——=-jrwsind cos

dX4 dt @s ¢ ( )

dxs_

dX4

(r', 9", ¢’ polar coordinates of a point of the sphere; the rotation is performed
about the Z axis), and by neglecting the terms with w? we obtain

dxa\?
T,uv = Po <d—5‘4)

0, 0, 0, ir'wsin® siny’

0, 0, 0, -ir'wsin &' cos ¢

0, 0, 0, 0 ®
ir'w sin 9 sin o', —ir'wsin 9 cosy’, 0, 1

!n the corresponding equation (2) of paper I, the factor 8. has been inadvertently
omitted.
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According to equations (7) and (8) of paper I, we have to set fordV,

dx, e
dVy —zd dr'sin &' do' dy' (5)
s

In order to express 1/R in terms of the integration variables, we choose the co-
ordinate system again such that the point under consideration is placed in the
Z-X plane. Then, by introducing polar coordinates,

x=rsingd, y=0, z=rcos?d
hold and one has

R? = (r'sin & cos ¢’ - rsin 9)2 + 7% sin® &' sin? ¢’ + (r' cos ¥’ - r cos 9)°
2r' ) r?
=r? I:l— “—(sin &' cos ¢’ sin & + cos & cos §) + —

r r

Upon expanding in binomial series up to second term,

1 1 rl , 1 r'2
—==1{1+—(sin & cos ¢ sin ¥ +cos & cos ¥ - = —
R r r 2r

31 :
+ 12— (sin & cos ¢’ sin & +cos & cos 9)* (6)
;

We again denote the expression inside the curly bracket by K and write

K
;

(6a)

|-

If we now substitute (4), (5), and (6a) into the last equation (1), then we obtain

v =- X p"f '2drf d¢f dﬂ( “> sin &' K
2r r
1 2m m 3
’ | dx . ' . '
7'14=—X—&wj r'3dr'j do f dd (—“) sin? 9’ sin ¢’ K
2m r o o 0 ds
1 27 1 3
13 ! dx . !
7'24=-Lp—°wf r'3dr'f dy f do (——4> sin? §' cos ¢ K
2 r o o ds

0
’Yln =’Y’22=’Y'33=’Y’12 =’Y'13=’Y'23=’Y'34=0 @)

By neglecting the w? terms and using the first type of approximation, we have
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(&) -

uddi JE

ds

[See equation (11) of paper 1.] When one substitutes this value for (dx,/ds)® as

well as the expression for K from (6) and (6a) into (7), one obtains after evalua-
tion of the integrals

XM
744—27rr
7'14=0
' X .
=] — —wlsin &
Y2 2n r Sr
7’11‘_"Y’zz27133=’Y’12=7,13=7'23=7134=0 8

Moreover, it follows from (1) that once rectangular coordinates are introduced

and the Einsteinian gravitational constant is replaced by the Newtonian one
k=x/8m,

2kM
11 =8n =L =1~ —
’
2kM
gaa =-1+—
’
L AkM Ix
8aa =71 —r__ 372'601
81278137823 =814 8% =0 )

If now by a rotation of the system one frees oneself from the special choice of
the coordinates in which the point under consideration is situated in the Z-X
plane, one obtains the final scheme for the coefficients:

( 2kM 4kM Iy
-1~ , 0, 0, I — S w
¥ Sr r
2kM C4kM Ix
07 - 1 - ‘_—5 bl _l - —2—
¥ Sror
Suv = e (10)
0, 0, -1- = 0
’
L4kM Iy 4kM Ix 2kM
I —5 b - = —2— s O! - 1 + -
\  5¢ 5r
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§2. The Equations of Motion of a Point Mass in the Field of a Rotating
Solid Sphere

In the following, the equations of motion of a point mass in the field of a
rotating solid sphere will be set up and we will assume that its velocity is so small
that we can neglect the squares and the products of the components of velocity
with respect to 1. Thereby, we emphasize from the outset that we are only
interested in finding those perturbation terms of the planetary motion which are
due to the rotation of the central bodies. In order to obtain a sufficiently exact
solution of the planetary problems in accordance with Einstein’s theory, one
still has to add to the perturbation terms calculated here those which lead to
the known perihelion precession.! The terms due to the proper rotation of the
central bodies already emerge from the first approximation of Einstein’s theory,
while the perihelion perturbation just mentioned was only obtained in the
second approximation. Nevertheless, it is still not permissible to take the former
into account and to neglect the latter. The reason why one is not allowed to do
that results from the following considerations: The ansatz for the force devel-
oped below and the Newtonian one differ by additional terms which are propor-
tional to wlv, where v represents the velocity of the planets or the moons,
respectively, while wl represents the velocity of a point on the equator of the
central body. But now the inequality

v> wl (11)

is valid for both the Sun-planets system as well as the planets-moons systems
that will be considered. If we take the terms with wiv into account, we have all
the more reason to consider those terms in the equations of motion which con-
tain the squares and products of the components of velocity of the point mass.
But if we do that, then we are not at all allowed to calculate with the first
approximation alone, for those terms which are added in the second approxima-
tion to the Newtonian terms are in ratio to the former as a/r:1 (o = 2kM). But
the square of the velocity of a planet is also of the same order as a/r; thus taking
the quadratic terms in the velocities into account logically requires the consider-
ation of terms emerging from the second approximation. It follows therefrom
that the calculations performed here would not actually make sense owing to
the validity of the inequality (11). Nevertheless, they can be used in practice if
one keeps in mind that all perturbations considered here are so small as to allow
us to superpose them linearly. One bases the computation on the equations of
motion as given by Einstein in his Mercury paper and adds the perturbation
terms calculated in what follows. In this way, one arrives at the desired result
which is the calculation of an orbit including relativistic effects.

1A. Einstein, Berl. Ber., 1915, p. 831.
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As shown in paper I, by neglecting the above-mentioned terms and with the
coordinates x, =x,x, =y,X3 =z,x4 =it the general equations of motion

d’x, __ dx, dx,

=T
ds? Y ds  ds

become

2
d*x,

dr?

. dx, dx, dx3>
=2i{l'y —+Iyy —+I'L, —)-TL 12
Z(Fm dt [ dt ¥ ar i (12

The 16 quantities I'74 that appear here are, according to the first type of ap-
proximation for a stationary field, given by

1/0g14 ag24>
Fl = 1“1 =_ {2 2L
14 0: 24 2<ax2 axl 5
Fl =l<2‘.g_ﬂ_ 9&7’.‘1 'k =_i ag44
U o\oxs  axg ) i 2 9x,
1 {0gs4 0814
r: =_( BT\
“ 2 axl ax2 ’ F24 O’
149
1“3?4 = g24_a_g__3‘l)’ 1"24;-_1%
2 ax:., aX2 2 a_x2
s _ 1023 0g14 3 _ 1 (083 0ga4
IPia == P =—\7T——- ,
2 axl ax:., 2 aX2 aX3
1 Ogaq
I3 =0, 3 =-_J%5%
* a 2 aX3
1 8gaa 1 0X4q
Iy =——=— IS =———
147y X, 24 2 ox,
s =—=* 4 =
5 o T4 =0 (13)

For our field, as given by the equations (10), this scheme becomes™

* N . . . .
Trans%ator s note: The entry for I'fy in (14) must have “r2* in the denominator instead
Of “Z .97
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0 isz wi?x? +y? - 222 6kM wilyz kM x
b - - > —Z ——’ T T
5r2 ¢ r? 502 r #2 r2 oy
o 2kM wl?x? +y? - 272 0 i 6kM wi®xz kM y
Z I 2 =5 T _’ S
5r2 r? ’ Y A L2
i6kM£lf}_}g 6kM wl® xz 0 kM z
512 r 2% TP ’ rrr
1 x _wy NE )
rtr’ rtr’ r: o’
(14)

By substituting these values for the I'7, into (12), we obtain the desired equa-

. .k
tions of motion" :

. kM_cil_zl:4 x? +y? - 222 +12 yz :, kM x
r2 r LS r? 5242

_ kM l? 4x2+y2—2z2,+12 z] KMy s
r2 r LS r? R (15)

o kM WI*12 2 xp-y% kM z

2

r“r Sr r

r2

~

The last terms on the right-hand side represent the Newtonian force; as discussed

above, one has to substitute in its pl
Einstein’s Mercury paper. The first t
tion terms of interest caused by the

83. Calculation of th

ace the force components according to
erms on the right-hand side are the perturba-
proper rotation of the central bodies.

e Perturbations due to the Proper

Rotation of the Central Body

The perturbation terms appearing in the equations (15) have to be regarded
as components X, Y, Z of the perturbing force caused by the proper rotation of
the central bodies. We decompose them into three other mutually perpendicular
components S, T, W, where § denotes the radial one, T the transversal one, and

W the orthogonal one (i.e., normal t

o the plane of the planetary orbit) and we

introduce the following conventional astronomical notation:

*Translator’s note: In the first of equations (15), a **y”* is missing in “J”, in the second, an

“x is missing in “xz/r2”, and in the last

and ““¥,” respectively.

one, “z//r’* and “x” must be replaced by “z/r”
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a, semimajor axis;

e, eccentricity;

p =a(l - ¢?), semilatus rectum;

i =< yQlIl, inclination;

Q=94 X0, longitude of the node;

> = broken 4 XOTI, longitude of the pericenter;

Ly, mean longitude of the epoch, i.e., mean longitude of the planet or satel-

lite at time ¢ = O (also a broken angle, measured from the X axis);

v =X IIOP, true anomaly;

u=YQOP=v+ - §,argument of the latitude;

U, period of revolution of the planet or satellite in days;

n=2m/U= (kM/a®)"/* , mean daily motion;

C=r*o=na*(1 - 2)"/?, twice the areal velocity.

Furthermore, we abbreviate the constant appearing in the equations (15) by
setting 4kMcwi*/5 =K.

Now we have™®

x =r(cosu cos - sinu sin £ cos{)
¥ =#r(cos u sin £ + sin u cos £ cos )
z=rsinusini

R
1+ecosv

xp-yx=Ccosi
Moreover,
S=X(cosu cos £2- sinu sin Q cosi) + Y(cosu sin  + sin u cos § cos i)
+Zsinusini
T=-X(sinu cos £ + cosu sin § cosi) - Y(sin u sin £ - cos u cos £ cos )
+Zcosusini

W=XsinQsini~ YcosQsini+Zcosi

If one substitutes the values of X, Y, Z obtained from equations (15) into
these formulas for S, 7, W by using the given relations and notations, one finds
after a longer intermediary calculation

*Translator’s note: In the fifth formula below, read “*” instead of “¥.”
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4

Fig. 2. 1 and P denote the positions of the pericenter and of the planet or satellite, respec-
tively, which are projected from the middle point O of the central body onto the sphere.

KC ]

§= iosz
r

_ Krcosi _ KCecosisinv

T=- PEE 3
pr

Ksini

W= rim(2Csinu+rfcosu) (16)

_KCsini (re sin v cos u
rt p
The variation of the orbital elements caused by the perturbing force is given
by the equations

R Sesinv+ T2
dt n(l- )2 ¢smny v

d 1- 24\1/2 +
——e-=(———e—)~——[Ssinv+T(e+f—£cosv>]

dt na a

+ 2 sin u)

di 1
2.z Wr cosu
dt C
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dQ
Wrsinu

dt " Csini

~ - o2)1/2 i dQ
icg=£1~——e—)—|:—Scosv+T 1+L>sin{, +2sin®* — —
dt nae P 2 dt
dlLy 2 e dcs iz a2 A9
= St ———— +2(1~ in® — —
ar }102 Sr 1+(1"€2)1/2 dt ( e ) sin 5 dr

which, by substituting the values (16), can be represented in the following form:

d.
“ o
dt
de Kcosi . .
sinv - 0
dt  Ca
di Ksini .
g0 cosu [esinvcosu +2(1 +ecosv)sinu] v
dt Cp
dQ K
— = —sin u[e sin v cos u + 2(1 + e cos v) sin u] v
dt (p
dés_ K cosi 1+e® ) L, 1 dQ
2+ cosv) v +2sin® — —
dr Ca e 2 dr
dLo 2K cosi e? dd i dQ
= (14 )t ————— — +21— 12 - —
& e (1+ecosv) T2 4 (1- e2)Y2 sin 2 i

In the sense of perturbation theory, we regard the orbital elements on the
right-hand side as constants due to the extraordinarily small factors K. We only
integrate over v, i.e., we calculate the perturbations to first order in K, and ob-
serve that u = v + &3~ Q. Moreover, if we introduce K; = K/na® , we obtain

Aa=0

Ky cosi
Ae__(—l—e2)1/2 cos v
. K, sini ,
Al——w(cos 2u + 2e cos v cos? u)
AQ=—21 LI N
(1-¢ )3/2 v 2Sln ute smv-;sm2u cosv)
~ K, cosi 1+e? | L0
AG == (2o +———sinvf +2sin* — AQ
(1-¢%) e 2
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2K, cosi e
ALy =- =122 (p+e sin v) + ————
° 1-é? (v+esino) 1+(1- e*)¥?

~ i
AG +2(1- €)Y sin? S A0
There follows the interesting result that the perturbations in the semimajor axis
vanish exactly. While only periodic terms appear in Ae and A/, additional secular
terms occur in the perturbation of the other elements; namely, because of
v = nt + periodic terms,

K,
(1- &2 )2 nt

~ 2K o
Ao = AL, =“(—1—W{ (1 - 3sin? §>nt

AQ =
(17)

&4. Numerical Results

The numerical evaluation shows that these secular perturbations on the
Sun-planets system even for the period of one century are beyond any observa-
tional possibility; for they reach a maximum of 0.01" (for the perihelion of
Mercury). Things are different in the planet~moons systems. Here somewhat
larger numbers are encountered. It is better for the numerical calculation to
transform the formulas (17). Let us introduce the following notation:

I, radius of the planet in centimeters;

7, period of rotation of the planet in days;

a, semimajor axis of the satellite in centimeters;

a, , semimajor axis of the planetary orbit in centimeters;
U, orbital period of the satellite in days;

U, , orbital period of the planet in days;

J, number of days in a year;

¢, velocity of light in cm sec™.

Then the formulas resulting from (17)
2 2
n*J 1
MR =-AG ==~ ALg = —5 —5 18
® " 9c? U2 (18)
yield, in units of arc seconds per century, the perturbations in the elements of
the satellite orbit due to the rotation of the planet. We have set ¢ =i =0,
which is allowed for the moons involved within the desired accuracy.
In addition, the perturbations are superposed additively in the sense of
Section 2 with those discussed by Einstein in his Mercury paper, which are
partly due to the direct effect of the planet and partly due to the perturbing

effect of the Sun. The former are given by
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5n2J a*

AR=0, AG=ALy=— —F—— 19
CEAR T R (- &) (19
and the latter* by*
S57*J a,?
dAQL=AD=ALy = — —= 20
WTAR T 3 (20)

both in arc seconds per century. In equation (20), the eccentricity and the incli-
nation of the planetary and satellite orbits were neglected again due to the fact

that these terms are extremely small as shown in Table 1. They are considerably
smaller for all remaining moons.

The perturbations due to the proper rotation of the planet are contained in
Table II. They remain below 0.5” for all other satellites.

The largest terms are analogous to the Einsteinian perihelion motion of
Mercury {formulas (19)], as emerges from Table II1.T They are smaller than
0.5" for the moons that are left out.

If we now add the three types of terms in order to obtain all relativistic
effects, the following has to be taken into account: The correction of Newton’s

Table I
AQ AL = AL
Moon +1.9” +7.7"
Both moons of Mars +0.7" +2.7"
Table 11
Jupiter Sat)u:n
v 1 I 1 2 3 4 5
AQ +1'53"  + 9" 427 +20" 410"+ 5" +2" 41"
AL = ALy -3'46" -18" 4" -41"  -19"  -10" -5" -2"

lw. de Sitter, Planetary motion and the motion of the moon according to Einstein’s theory,
Amsterdam Proc., 19, 1916. In the formulas (20), XY plane denotes the plane of planetary

=I=orbit. In de Sitter’s paper, on p. 379 formula (38), the factor ‘% is missing in front of 6.
Translator’s note: The result of de Sitter cited in footnote 1 is, in fact, correct. Hence
equation (20) gives values of A and ALg too large by a factor of 4. Tables I and IV must
be corrected accordingly.

TTranslator’s note: The existence of a satellite of Saturn, mentioned as “Saturn 10 or
“Themis” in Tables III and IV, was announced by Pickering in 1905. This has not been
confirmed by subsequent observations.
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Table I11°
Al = ALg AG = ALg
Mars 1 22" Jupiter I 428
2 2 11 124
Saturn 1 5'46" 111 26
2 303 v 6
3 147 v 36 37
4 59 Uranus 1 22
N 25 2 10
6 3 3 3
7 2 4 1
10 2 Neptune’s moon S
AQ =0

law treated in Einstein’s Mercury paper is caused by a perturbing force acting
along the radius vector. Its components, according to the cited paper, amount to

2.3~ »

§=-M2CL row=o

2¢t r
so they are independent of the choice of the coordinate system. Consequently,
the corresponding perturbations [formulas (19) and Table ITI] can be related to
an arbitrary XY plane. However, the variations of the elements contained in the
formulas (20) and caused by the perturbing effect of the Sun (representing the
deviation from the classical form) are referred to the orbital plane of the planet
as already mentioned. The same holds for the numbers in Table I, whereas in
Table II, which contains the perturbation terms caused by the rotation of the
planets, everything refers to the equatorial plane of the central body in accord-
ance with the choice of the coordinate system in the present paper. Therefore,
the following is valid for Table IV, which summarizes all the relativistic effects:
Terms (19) and (20) only appear in connection with the Moon and the two
moons of Mars; hence, the plane of reference is the orbital plane of the planet.
In the case of the satellites of Jupiter and Saturn, however, the reference plane
is the equatorial plane of the corresponding central body since here again only
terms (18) and (19) appear. The perturbations of the moons of Uranus and the
moon of Neptune contain only terms (19); consequently, the plane of reference
can be chosen arbitrarily.

The following can be stated about the column “A¢”: The secular perturba-
tion in the mean longitude causes a variation in the mean daily motion. That is,
in the absence of relativistic effects a certain correction should be made for the
time that elapses between two definite events, such as the darkenings of the
moons of Jupiter. This correction for a time span of a hundred years is given in
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Table IV
AL Al =ALg At
Moon 2" 8" 13.9s
Mars 1. Phobos 1 25 0.5
2. Deimos 1 5 04
Jupiter 1 9 4’ 10" 29.5
11 2 120 18.9
11 0 26 12.5
v 0 6 7.1
\% 1'53” 32 51 Im 54s
Saturn 1. Mimas 20 5 05 19.2
2. Enceladus 10 2 44 15.0
3. Tethys 5 1 37 12.2
4. Dione 2 54 9.2
5. Rhea 1 23 6.9
6. Titan 0 3 33
7. Hyperion 0 2 2.7
10. Themis 0 2 29
Uranus 1. Ariel 0 22 37
2. Umbriel 0 10 2.7
3. Titania 0 3 15
4. Oberon 0 1 1.0
Neptune's moon 0 5 2.1

the last column of Table IV and can be obtained by means of the formula

1
Ar=—UAL
15 0

Summary

The perturbation terms in the orbits of the planets and moons which, ac-
cording to Einstein’s theory, are caused by the proper rotation of the central
body turn out to be smaller than those which emerge from the second approxi-
mation of the theory and lead to the perihelion motion of Mercury. They need
not at all be taken into consideration in comparison with the latter terms in the
case of the planetary orbits; however, for the orbits of the moons of Jupiter and
Saturn they have to be taken into account. The secular perturbations due to all
relativistic effects involved were calculated for the moons of the exterior planets.
Though in some cases—for example, for the Sth moon of Jupiter—they reach a
considerable magnitude, the present observations should not be precise enough as
to allow a test of the theory using the perturbations of the orbits of the moons,

Vienna, February 1918. Institute for Theoretical Physics of the University.
(Received 21 February 1918.)
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8(3): Discussion of Thirring’s Papers

Hans Thirring investigated the gravitational “magnetic” field generated by a
rotating hollow sphere. However, Mach’s ideas on the origin of inertia provided
the main impetus for his work. Mach criticized Newton’s formulation of the laws
of mechanics since the motion of matter was referred to an absolute space. This
notion is related to an ensemble of global inertial frames each in uniform motion
with respect to the others. A body in uniform motion persists in that state and
offers “resistance” when accelerated with respect to absolute space. This charac-
teristic property of matter is embodied in the notion of inertial mass. An ob-
server can determine if matter is accelerated with respect to inertial frames since
extra inertial forces (proportional to the inertial mass) appear in an accelerated
frame, The success of Newtonian mechanics has to be reconciled with the fact
that only the motion of matter with respect to other ‘“‘matter” is physically
detectable.

Newton considered the introduction of the abstract notion of absolute space
necessary for the mathematical formulation of the laws of mechanics. On the
contrary, Mach considered all motion to be relative. In rejecting the notion of
absolute space Mach had predecessors in Leibniz and Berkeley, among others. If
only relative motion has significance, the inertial frames must be determined by
matter.

To give these vague ideas a more definite formulation, one may extend the
principle of relativity to accelerated motion and postulate that inertial forces are
due to the gravitational field generated by all the matter in the universe. Accord-
ing to Einstein’s relativistic theory of gravitation (which has observational sup-
port for macroscopic phenomena), however, these notions must be rejected since
they imply the global equivalence of inertial and certain gravitational forces in
contrast to Einstein’s principle of equivalence which is purely local. To illustrate
this point, consider a variant of Newton’s bucket experiment in which the bucket
is uniformly accelerated. Other than forces of electromagnetic origin (such as
viscosity), the fluid in the bucket is also subject to a uniform inertial force field
(relative to the bucket). A contradiction arises, however, if the bucket is now
treated as freely falling in the gravitational field generated by all the matter in
the universe in accelerated motion, since according to Einstein’s theory the only
external gravitational forces that affect the motion of the fluid relative to the
bucket are tidal forces.! This example also illustrates why the case of rotational
acceleration is interesting: The (first-order) tidal and centrifugal forces have
similar functional forms. It is clear that these arguments are based on the tensor
character of the gravitational field in Einstein’s theory and are completely inde-
pendent of any boundary conditions on the space-time metric at spatial infinity.

I This argument against the relativity of accelerated motion can be formulated equally well
within the framework of Newton’s theory of gravitation.
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Moreover, the gravitational interaction of the distant matter in the universe can-
not be responsible for the inertial mass if Einstein’s principle of equivalence is
valid [2] .2

Let us return to Mach’s criticism of Newton’s absolute space: Matter moves
with respect to absolute space but cannot affect it. Mach’s solution was that the
configuration of distant matter in the universe determines the characteristics of
this inertial space. The local metrical properties of space-time are related to the
distribution of matter according to Einstein’s theory of gravitation. Further-
more, this theory transforms the question of the inertial properties of our local
space-time into a problem of modern cosmology. An important requirement for
our local frame to be inertial is the local isotropy of space. This has been tested
by several null experiments of great precision [4, 5]. The precise relationship
between our local inertial frame and the rest frame determined by distant matter
is a difficult problem of observational astronomy. It follows from the study of
the motions of the inner planets of the solar system that the two frames do not
rotate with respect to each other with an uncertainty of ~1 second of arc per
century [6-8]. The discoveries of Hubble expansion and the cosmic microwave
background radiation have opened up new possibilities for the discussion of this
problem. Severe restrictions may be placed on the rotation of the universe from
the recent studies of the isotropy of the microwave background radiation. More-
over, the dipole temperature anisotropy of this radiation may be used to deter-
mine the linear motion of our local frame with respect to the rest frame of the
radiation [9].

The major contribution of the work of Thirring (and of Lense and Thirring)
was the demonstration of how the local inertial frames are affected by the mo-
tion of nearby matter (‘“‘dragging of the inertial frames”). It is interesting to
elucidate this issue in a coordinate invariant manner in relation to the work of
Thirring. Consider first a freely falling ““laboratory’” frame in an external field
and assume that a Fermi frame [10] is set up along the geodesic path of a
representative point in the laboratory (“‘center of mass”). Let 7 be the proper
time along this path and let 25 (7) be the rate of rotation of the locally non-
rotating frame with respect to a certain local fiducial frame (e.g., the rest frame
of the laboratory). If it is established that this latter frame does not rotate with
respect to the rest frame of inertial observers at spatial infinity, {5 corresponds
to the dragging of the local inertial frames with respect to those of infinity. The
motion of free particles with respect to the Fermi frame may be described to
first order by

’In the theories of Newton and Einstein, the strength of the gravitational interaction is con-
stant in space and time. On the basis of Mach’s ideas regarding the origin of inertia, a de-
crease in the inertial mass may, however, be expected as a result of the Hubble expansion
of the universe. This may be interpreted as a decrease in the “‘constant™ of gravitation on a
cosmological time scale. There is no firm evidence at present for such a variation [3].
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2 yri

% +K'(n X' =0
where X" are the (Fermi) coordinates of a particle in the neighborhood of the
representative point. Here K;;(7) is a symmetric traceless matrix denoting certain
(“electric””) components of the Riemann tensor evaluated in the Fermi frame.
To express this equation of motion with respect to the fiducial frame which
rotates with frequency Q = - (7) with respect to the Fermi frame, let x; =
M,-]-(T)Xf be the relevant coordinate transformation and

M
e 1S My

where ey is the alternating symbol with e;,3 = 1. The equation of motion of a
free particle with respect to the fiducial frame is then
2x; X
(27_2' + 2eijk .Q]- %I_c_ + (Q,’Qf - 5,']'92 + €1 il—s’?'l + ki]') X; = 0
where k’] = MimMjnKmn-

Thirring considers a hollow sphere of mass M and radius g rotating uniformly
with angular frequency w. The shell has uniform mass density so that its angular
momentum is J = % Ma? w. The effect of rotation on the gravitational field in
the interior of the sphere is considered to first order in the Newtonian constant
k and to second order in w. A test particle at rest at the center of the sphere
follows a geodesic C in this field. The Fermi frame along C rotates uniformly in
the same sense as the hollow sphere with a frequency

with respect to the rest frame of the inertial observers at infinity. In a local
frame that rotates with frequency € = -€)p with respect to the Fermi frame,
the equation of motion of a free test particle near the center of the hollow
sphere can be written as above with k; determined simply by

2

ky(m) == % <aa o )

x,-ax]- C

Thirring’s calculation of the metric tensor to second order in w implies that &;;
is diagonal with kyy = kqp =~ (4kM/15a) wo* and ka3 = -2k, . The equation of
motion comprising the dragging of the inertial frames and the gravitational tidal
force of the rotating mass is the same as that given by Thirring, as expected.?
Thirring neglected any stresses in the shell which, however, is not in general
permissible due to the conservation laws of energy and momentum [11, 12] .
When due account is taken of elastic stresses in the rotating shell, only terms in

3Hence Thirring’s interpretation of the w?-terms as analogous to centrifugal forces cannot
be maintained, even apart from the fact that gravitational forces can only be locally identi-
fied with inertial forces.
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the metric tensor proportional to w? turn out to be different from those given
by Thirring; consequently, the proper tidal matrix is in fact just % of that ob-
tained from Thirring’s results.

The weak-field result of Thirring for the dragging of the inertial frames is
valid in the limit kM << a; its generalization to strong fields has been discussed
by a number of authors [13-17] . These studies provide further insight into the
dependence of 2p/w on the nature of the matter distribution.

To summarize, Mach’s ideas provided strong stimuli for the development of
the relativistic theory of gravitation by subordinating the existence of inertia to
the matter distribution and by suggesting the possible equivalence of inertia and
gravitation. Following Einstein [18], attempts have been made to use extensions
of Mach’s ideas to solve the problem of boundary conditions in relativistic cos-
mology. The gravitational field equations are local differential equations for the
metrical properties of space-time. Once the matter content has been specified,
boundary conditions are in general necessary to provide a unique solution for
the cosmic gravitational field. To avoid this problem, it is tempting to postulate,
for instance, that the universe is spatially closed. It appears, however, that a
much more extensive knowledge of the matter and radiation content throughout

the unijverse is necessary before the problem of the cosmic field can be adequately
tackled.?

§(4): Discussion of the Paper of Lense and Thirring

Josef Lense and Hans Thirring investigated the influence of the gravitational
“magnetic” field of a rotating body on the motion of test masses in orbit around
it. The gravitational field of a rotating body is characterized by a ‘vector poten-
tial,” which in the first approximation corresponds to the gravitational “mag-
netic” dipole due to the mass current. The vector potential is given by >®

IXT

G~-2k
2

for r>>2kM and r >> A, where A =J/M is the angular momentum per unit
mass of the body. The precession of a test gyroscope (i.e., a test gravitational
“magnetic” dipole) at rest outside a matter distribution indicates the dragging of
the inertial frames or, equivalently, the presence of the gravitational “magnetic”

4Review papers on Mach’s ideas [19-21] may be consulted for more extensive discussions
and further references to the literature.

SFor a localized matter distribution, the “vector” potential is defined by G; = —gja/gaq in a

. system of Schwarzschild-like coordinates.
Lense and Thirring calculated the gravitational “vector” potential for a rotating solid
sphere in the weak-field approximation. In this procedure, deviations of the source from
spherical symmetry are naturally reflected in the vector potential in a form similar to the
multipole expansions of electrodynamics [22, 23].



746 MASHHOON ET AL.
ﬁeld ﬁan R

Pa)

1 o
Qp=-—VX G=£3][3(?-J)?—J]

2 r

The weak-field analogy with electrodynamics provides insight into the gravi-
tational field of a rotating body.” This analogy is incomplete, however, in con-
trast to the notion of the dragging of the inertial frames which is of general
validity. To illustrate this point, consider a test gyroscope with its center of mass
at rest in the stationary field of a Kerr black hole [26]. Let S be the spin vector
of the gyroscope with respect to a local orthonormal tetrad frame whose spatial
axes correspond to the spherical coordinate axes of static observers at infinity.
The gyroscope precesses according to the formula

as

— =)y X
dr p X8

where the precession frequency is given by

KIXT
r2

kM (KIXT)XT
3

Qp =£(r, z?)VX( >+g(r, 3)

r r
in Boyer-Lindquist coordinates [27]. The functions f and g are determined from
TY2(Z - 2kMr) f=r* AY?
kMg = (AP A-1) f
where £=r? + 4% cos? 9, A=r% - A% cos® &, and A=r? + 4% - 2kMr. The

radial coordinate ranges from the static limit
r=kM+(kK2M? - A% cos® 9)V?
to infinity. The weak-field results are obtained for r >> 2kM,

M
f(r’ﬁ)zl-,-.k___-,....
r

5 1 42 kM
N=1+=|1-= o—(1+2cos® )| —+--
d.0)=1+3[1-5 1k
while fand g both diverge as the static limit surface is approached. At this sur-
face, the assumption that the gyroscope’s center of mass is at rest as determined
by the inertial observers at infinity breaks down. Despite the dramatic increase

71t is interesting to note that the formal analogy with electrodynamics, pointed out by
Einstein [24], was explored by Thirring [25], who confirmed that in the weak-field limit
the geodesic equation may be written in the form of the Lorentz force law in terms of
certain gravitational “electric’’ and “‘magnetic’ fields.
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in the magnitude of precession frequency close to the static limit surface, the
general direction of this vector is similar to its weak-field limit: At the poles, 2
is parallel to J and is given by 2kr~3f(r, 0) J, but as ¢ varies, its direction gradu-
ally deviates away from J until it reverses at the equator, where p =-kr~

(1 - 2kM]/r)™'J. Thus, even in the strong-field region, the gravitational influence
of a rotating mass is characterized by the dragging of the inertial frames.

In the weak-field approximation a test body follows a perturbed Keplerian
orbit about a central rotating mass. To characterize the motion, one may use in-
stead of the position and velocity of the test mass at any given moment of time
the six orbital parameters of the osculating ellipse which the test particle would
follow if the perturbing force were turned off at that instant. In terms of these
parameters, the equations of motion then reduce to the Lagrange “planetary”
equations. Lense and Thirring found that the perturbing effect of the gravita-
tional “magnetic” field produced no change in the semimajor axis (a) of the
osculating ellipse, while the eccentricity (e) and the inclination (i) of the orbit
were affected only in a periodic manner, so that they remained unchanged when
averaged over time. The only secular effects appeared in the longitude of the
ascending node, the longitude of the pericenter, and the mean longitude. They
discovered that the average rate of advance of the ascending node was given by

2kJ

while the longitude of the pericenter, as well as the mean longitude, varied on
the average at a rate (1 - 3 cos i) Qp . It follows from these results that the
average rate of change of the longitude of the pericenter relative to the longitude
of the node is given by

_3QLT(j\ * i:) i:
where L is the orbital angular momentum and J L =cosi. Thus the frequency

of pericenter precession is on the average given by
wpr =Qur[J -3(J -L)L]

which also characterizes the precession of the orbit as a whole. This result may
be expressed as follows [28] : For an unperturbed orbit, the orbital angular
momentum and the Lenz vectors are constants of the motion that characterize
the orientation of the orbit. The rotation of the central mass produces on the
average a precessional motion in these vectors with a frequency ey, which
therefsore corresponds to the average precession frequency of the elliptical
orbit.

The pericenter precession due to the rotation of the central mass was first

8Note that the average frequency of precession of the orbital angular momentum is given,
equally well, by Q2 1.
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considered for an equatorial orbit by de Sitter [29] . Lense and Thirring pro-
vided a general treatment valid for any orbital inclination.® This precession
effect has been utilized in the theoretical determination of the angular momen-
tum of the Kerr black hole [31, 32].

The observation of the Lense-Thirring precession in the orbits of the planets
and moons could provide a new significant test of Einstein’s theory in the solar
system. This possibility was investigated in considerable detail by Lense and
Thirring, who pointed out that the effects were too small to be measurable.

This conclusion is equally valid today, although new possibilities have been
opened up by the advent of space exploration.

To measure the Lense-Thirring precession, an orbit must have considerable
eccentricity or inclination; furthermore, the observations must be so accurate
as to allow the extraction of this small effect from the competing—and generally
more significant—Newtonian and relativistic precessions. The multipole moments
of the central masses and many-body effects account for the main Newtonian
component, while the relativistic part is due to the purely spherical post-New-
tonian fields of the Sun and the planets. The main effects of this post-Newtonian
field are Einstein’s pericenter precession and de Sitter’s three-body effect due to
the tidal influence of the Sun on a planet-moon orbit. Lense and Thirring dis-
cussed the relativistic perturbations in detail and provided estimates of the
known significant effects, namely, Einstein’s pericenter precession, the Lense-
Thirring orbital precession, and de Sitter’s three-body effect.'® Moreover, they
drew attention to the fact that for a given period of time (e.g., a century), the
most significant relativistic orbital precession effect in the solar system is the
Einstein precession for the moons of Jupiter and Saturn. The prospects for the
observation of this effect have been reexamined recently [34]. A long-range
observing program with improved accuracy is, in any case, necessary. The recent
discovery of a new satellite of Jupiter and several new inner moons of Saturn by
the Voyager spacecraft [35, 36] is encouraging, since the relativistic effects are
expected to be even greater for these satellites. It is a cherished hope that, as
space exploration continues, the various relativistic orbital effects can become
measurable in the not-too-distant future.

The artificial satellites provide a new tool in attempts to test the predictions
of Einstein’s theory. Ginzburg [37] considered the possibility of measuring the
perigee shift of an artificial satellite due to the rotation of the Earth, thereby
providing a test of the Lense-Thirring pericenter precession. On the other hand,
an interesting experiment has been suggested by Van Patten and Everitt [38, 39]

9In spite of a claim to the contrary [30], the Lense-Thirring results correctly give the
frequency of the pericenter motion for any inclination angle i, including i = .

10 A summary of the various relativistic effects in the orbits of the planetary satellites has
been given by Lense [33]. In terms of the general order of magnitude, the Einstein pre-
cession is the largest for these orbits, followed by the Lense-Thirring and de Sitter effects,
respectively.
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for the measurement of the Lense-Thirring precession of the orbital angular
momentum. In this experiment, the dragging of the line of nodes is measured by
placing two counter-orbiting drag-free spacecraft in polar orbits about the
Earth.™

An alternative approach to the problem of determining the gravitational
“magnetic” field of a rotating mass was considered by Schiff [41] and indepen-
dently by Pugh. It consists in measuring the precession rate of a gyroscope in
Earth orbit due to the coupling of the gyroscope’s angular momentum to the
rotation of the Earth. An experiment of this type using a superconducting
gyroscope has been under active development at Stanford University by Fair-
bank, Everitt and their collaborators [42].

The Stanford gyroscope experiment and the Van Patten-Everitt counter-
orbiting satellites experiment are the only two significant “laboratory” experi-
ments thus far proposed to measure the dragging of the inertial frames due to a
rotating mass [3].

Note Added in Proof

In a recent paper, V. B. Braginsky and A. G. Polnarev [JETP Lett., 31,415
(1980)] have suggested a new experiment to measure the gravitational influence
of a rotating mass. In this experiment, the contribution of the gravitational
“magnetic” field of the Earth to the relative tidal acceleration experienced by
masses at the ends of a spring in orbit around the Earth is measured. This idea
has been discussed in detail by B. Mashhoon and D. S. Theiss [Phys. Rev. Lett.,
49, 1542 (1982)], and the various general relativistic effects have been calcu-
lated. To distinguish the effect of the gravitational magnetic field from inertial
effects, a local inertial frame along the orbit must be precisely defined. In fact,
local gyroscopes must satisfy essentially the same performance criteria as in the
Stanford gyroscope experiment.

Furthermore, a new gravitational effect of a rotating mass has recently been
found by B. Mashhoon and D. S. Theiss. See B. Mashhoon, Gen. Rel. Grav.,
March, 1984.
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111y addition, a preliminary analysis [40] indicates that the Van Patten-Everitt experiment
may also be used, by means of satellite-to-satellite range-rate measurements, to search
for gravitational waves that are incident on the Earth and have a frequency in the range
107 Hz S v << 10 Hz.
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